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Distributionally Robust Reinforcement Learning (DR-RL)

Given a Markov Decision Process (MDP) with nominal kernel P , the agent in DR-RL
aims to maximize the long-term reward in uncertainty set P

gπ
P(s) := inf

Q∈P
lim sup

T →∞

1
T

Eπ
Q[

T󰁛

t=0
r(St, At)|S0 = s]

g∗
P(s) := max

π∈Π
gπ

P(s)
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where P is the uncertainty set of candidate transition kernel for MDPs, constructed as a
δ-ball centered as P

Ps,a(D, δ) = {p : D(p||ps,a) ≤ δ} P = ×(s,a)Ps,a
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where P is the uncertainty set of candidate transition kernel for MDPs, constructed as a
δ-ball centered as P

Ps,a(D, δ) = {p : D(p||ps,a) ≤ δ} P = ×(s,a)Ps,a

Objective: find optimal policy π∗ and average-reward function g∗
P such that gπ∗

P (s) = g∗
P

for all s ∈ S
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Bellman optimality

It is shown that optimal average-reward function g∗
P satisfies the Robust Bellman

equation:

Theorem 1 (Wang et al., 2023)
If P is uniformly ergodic with a uniformly bounded minorization time, then g∗

P(s) ≡ g∗
P is

a constant, and there exists a solution (g, v) of

v(s) = max
a∈A

{r(s, a) + inf
q∈Ps,a

q[v]} − g

such solution satisfies g(s) = g∗
P . And policy

π(s) ∈ arg max
a∈A

{r(s, a) + inf
q∈Ps,a

q[v]}

is optimal.
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DR-AMDP Algorithms

• Step 1: Draw n samples for each (s, a) pair to compute empirical kernel 󰁥P
• Step 2: Compute empirical uncertainty set 󰁥P centered at 󰁥P
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Reduction to DMDP & Anchored AMDP
• Step 1: Draw n samples for each (s, a) pair to compute empirical kernel 󰁥P
• Step 2: Compute empirical uncertainty set 󰁥P centered at 󰁥P
• Step 3:

• Reduction to DMDP: Solve Robust Discounted Bellman equation

V ∗
󰁥P(s) = max

a∈A
{r(s, a) + γ inf

q∈󰁥Ps,a

q[V ∗
󰁥P ]}

with γ = 1 − 1/
√

n
• Anchored AMDP: Solve Robust Average Bellman equation

v∗
󰁥P(s) = max

a∈A
{r(s, a) + inf

q∈Ps,a

q[v∗
󰁥P ]} − g∗

󰁥P

where
󰁥Ps,a = {(1 − 1√

n
)q + 1√

n
1e⊤

s0
, q ∈ 󰁥P}

• Step 4: Extract 󰁥π∗, V ∗
󰁥P/

√
n, g∗

󰁥P
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Main Contribution: DR-DMDP

DR-DMDP
The solution V ∗

󰁥P to empirical Bellman equation

V ∗
󰁥P(s) = max

a∈A
{r(s, a) + γ inf

q∈Ps,a

q[V ∗
󰁥P ]}

satisfies:
󰀂V ∗

󰁥P − V ∗
P󰀂∞ = 󰁨O

󰀣
tmin

(1 − γ)√np∧

󰀤

This improves the horizon dependence from (1 − γ)−2 (Shi and Chi, 2024; Wang et al.,
2024) to (1 − γ)−1

p∧: minimal support probability
tmin: minorization time of nominal kernel
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Main Contribution: DR-AMDP

DR-AMDP
Reduction to DMDP & Anchored AMDP are priori knowledge-free algorithm that learn
approximate optimal policy and average reward with error

0 ≤ g󰁥π∗
P − g∗

P󰁿 󰁾󰁽 󰂀
policy error

,

value error󰁽 󰂀󰁿 󰁾󰀐󰀐󰀐󰀐󰀐
V ∗

󰁥P√
n

− g∗
P

󰀐󰀐󰀐󰀐󰀐
∞󰁿 󰁾󰁽 󰂀

Reduction to DMDP

,

󰀐󰀐󰀐󰀐g∗
󰁥P − g∗

P

󰀐󰀐󰀐󰀐
∞󰁿 󰁾󰁽 󰂀

Anchored AMDP

= O

󰀳

󰁃 tmin√
np∧

󰁶

log( |S|2|A|
β

)

󰀴

󰁄

i.e., DR-AMDP achieves ε-optimality with 󰁨O( t2
min

p∧ε2 ) samples.
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Main Technique used

• Challenge 1: Minorization time could be unbounded over P-issued by making
constraints on uncertainty size δ

• When P = P(DKL, δ), δ ≤ 1
8m2

∨
p∧

• When P = P(Dfk
, δ), δ ≤ 1

max{8,4k}m2
∨

p∧

Then
sup

Q∈P,π∈Π
tmin(Qπ) = O(tmin) tmin := max

π∈Π
tmin(Pπ)
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Main Technique used
• Challenge 2: Sub-optimal rate for DR-DMDP-issued by dual form

inf
q∈Ps,a(DKL,δ)

q[V ] = sup
α≥

{−αδ − α log ps,a[e−V/α]}

inf
q∈Ps,a(Dfk

,δ)
q[V ] = sup

α∈R
{α − ck(δ)ps,a[(α − V )k∗

+ ]1/k∗}

The empirical error:

󰀂 inf
q∈󰁥Ps,a

q[V ] − inf
q∈Ps,a

q[V ]󰀂∞ = 󰁨O

󰀣
Span(V )

√
np∧

󰀤

= 󰁨O

󰀣
tmin√
np∧

󰀤

With this result, we show:

󰀂V ∗
󰁥P − V ∗

P󰀂∞ = 󰁨O

󰀣
tmin

(1 − γ)√np∧

󰀤

improves the horizon dependence from (1 − γ)−2 (Shi and Chi, 2024; Wang et al.,
2024) to (1 − γ)−1
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Experiment

Figure: Reduction to DMDP & Anchored AMDP performance on hard MDP instance under KL-divergence
and χ2-divergence. 12 / 14



Thank You!
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