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Problem Space & Motivation

Problem. Large Language Model (LLM) training requires massive compute, memory, & time.

This limits accessibility to large-scale research, and amplifies the environmental footprint of
modern Al systems.

Existing solutions & gaps. Methods like GalLore [Zhao et al., 2024] reduce memory usage by
projecting gradients into a low-rank subspace.

Galore's periodic SVD updates introduces (1) high computational cost, (2) sensitivity to
noise, and (3) instability in later training stages.

Our motivation. Can we maintain the benefits of low-rank training without expensive
decomposition or instability?
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SubTrack++: Geometry- and Projection-Aware Gradient Subspace Tracking

SubTrack-++ replaces costly SVD-based gradient projections with an efficient, geometry-aware

subspace tracking approach.

Core components.

Grassmannian Subspace
tracking

Tracks gradient subspaces
on a manifold via smooth

geodesic updates.

Our contribution.

Projection-aware
optimization

Re-projects Adam'’s moments
to stay aligned with evolving

subspaces.

Gradient recovery
scaling

Recovers & rescales gradient
components lost in low-rank

projection.

SubTrack—++ combines geometric subspace tracking, optimizer alignment, and recovery scaling

for stable, time- and memory-efficient full-parameter training.
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SubTrack++ Components



Grassmannian Subspace Tracking

te Ste
—» Projected Gradients on Subspace Update P

First Subspace

Initialization:

—» Projected Gradients
on Second Subspace

r
Go = USVT ~ ZS,'U,'V,-T
i=1

- Geodesic Line

® New Point on the

———— Initial subspace So = [uy, ..., u,] spans

the top-r directions.

o ) ) Adjusting the subspace:
Visualization of Grassmannian subspace tracking: Between

subspace updates, gradients are projected onto a fixed subspace. L . .
The tangent vector VF is computed via the derivative of a loss MInImIZIng subspace estimation error by
function, measuring the subspace estimation error. The subspace moving along Grassmannian manifold.

is then updated by moving along the corresponding geodesic,

determined by VF to minimize estimation error.

4/13



Projection-Aware Optimizer

Low-rank training stores optimizer states in a reduced subspace. As this subspace shifts,
standard Adam misaligns its moments. SubTrack++, inspired by LDAdam [Robert et al., 2025],
corrects this via a projection-aware optimizer.

Standard Adam (in projected space):
M fr-Mey+ (1= 1) G Ve B Ver +(1-B2) G

where ét = S, G, is the projected gradient.

Projection-Aware Adam:
M; 51 . (S;St_1Mt_1) + (1 - /31) : gta
Ve B [(1 =BS5S Sem1)? - (Vemr — MZ 1) + (S Secr - Moot )1 + (1= Bo) - G?
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Recovery Scaling

Low-rank projection removes gradient components that still carry useful signal. Inspired by Chen
et al. [2025] and Zhu et al. [2025], we recover and rescale these components to preserve
information.

Projected optimizer output:

:Mt®\/vt+€, 6,*_:5[-5[.

Recovery-scaled update:

G, = 162,
Wi = Wit — a6 — a9i(Ge)(Gr = 5:G), - 0e(Gr)i = ||Gt7 | l
tyi

Stability (gradient clipping):

At = ¢t(Gt)(Gt - Stgt)a At C”At 1||

II/\ [
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SubTrack++ Algorithm

Algorithm 1 SubTrack++ ( Subspace Tracking , Projection-Aware Optimizer, Recovery Scaling, Regular Adam )

Require: W;, G; € R™*", learning rate «, 31, B2, step-size 1, rank r, interval k, limiter (. @ denotes Hadamard division.
1: So « U[:,: r], where (U, S, V) < SVD(Gp)

2: fort=0,...,T do

3:  if t mod k =0 then

4 R =Gt — S:-1Gy,, VF = —2RG] ~ UrSr VT
. _ U Oy ( <Cem) \pT v vas
5: St = (St—1VF UF)(fsi"(an)) Ve +Se-a(l = VEVE)
6 M < B1(S] Sec1Me—1) + (1 — B1)Ge
7 Ve & B2(ST St-1)2Ve1 + (1 — 52) G2
8: else
9: M; < BiMi—1 + (1 — B1) G
10: Ve ¢ oVe1 + (1 — ) G2
11: end if

120 GO =M oVViFe, G =5GP

13: . At = 6:(Ge)(Ge — S:Gr)
. . A A
14 if el > ¢ then A ¢l

15: Wi« W1 —aG:  —al:
16: end for
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Experimental Results




Main Results: Pre-Training Llama-1B on C4 Dataset
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(a) Loss vs. Training Steps. (b) Loss vs. Relative Wall-Time.

Comparison of baselines in pre-training Llama-1B architecture. (a) shows training loss (].) versus training steps.
(b) shows the same runs against wall-time. SubTrack++ outperforms all baselines; substantially reducing

wall-time, especially compared to LDAdam, the top-performing baseline. 8/13



Main Results: Pre-Training Llama-1B on C4 Dataset

Baselines. Galore [Zhao et al., 2024], Fira [Chen et al., 2025], LDAdam [Robert et al., 2025],
BAdam [Luo et al., 2024], APOLLO [Zhu et al., 2025], OSD [Liang et al., 2024].

Key findings:

e SubTrack-++ achieves fastest convergence in both step-wise and wall-time metrics.
e 43% faster than LDAdam on 1B model; 67% faster on 3B model.

e Matches or exceeds full-rank training performance in some settings, due to implicit

regularization.

e Gradient and projected-gradient norms follow nearly identical decay (0.46—0.08 vs.
0.45—0.05), confirming stable convergence.

Key takeaway. Geometry-aware subspace tracking and projection-aligned optimization yield
superior efficiency without compromising performance.
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Ablation Study: SubTrack++ Component Contributions
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(a) Loss vs. Training Steps. (b) Loss vs. Relative Wall-Time.

Ablation study comparing pure Grassmannian subspace tracking with incremental additions of the
projection-aware optimizer and recovery scaling, leading to SubTrack++ . While Grassmannian tracking alone
almost matches Galore's step-wise convergence (a), it significantly reduces wall-time (b).

10/13



Discussion and Conclusion

e SubTrack++ : a time- and memory-efficient method projecting gradients into a low-rank
subspace.

e Grassmannian subspace tracking: preserves the learned subspace while incorporating
gradient components from the orthogonal complement.

e Projection-aware optimizers: adapt Adam’s internal statistics to reflect subspace changes.

e Recovered gradient information: leverages components lost during low-rank projection
to enhance performance.

e Results: achieves state-of-the-art convergence and accuracy across baselines.

e Compatibility: functions as a plug-and-play module with standard optimizers.
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