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Combinatorial Reasoning
Neural networks are exceptionally capable at pattern recognition 
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Combinatorial Reasoning
Neural networks are exceptionally capable at pattern recognition, 
In Neural Algorithmic Reasoning networks should execute algorithms vice mimic memorized 
input-output pairs 
Problem: Standard softmax-dot product attention mechanisms live in smooth Euclidean space 
while combinatorial algorithms live in piecewise-linear, polyhedral spaces 
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Why Does Softmax Fail?

Logit blurriness or Dispersion starts to happen ==> Attention Fading 
Leads to soft/blurry rather than decisive selections,  

hampering tasks that require deterministic decisions 
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Why Does Softmax Fail?

Logit blurriness or Dispersion starts to happen ==> Attention Fading 
Leads to soft/blurry rather than decisive selections,  

hampering tasks that require deterministic decisions 

What do we need? 

Algorithmic alignment  Smart Inductive Bias from combinatorial algorithms→
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Algorithmic Alignement
What do we need? 

1. Combinatorial Algorithms require hard argmax/argmin operations  
2. Captures the piecewise-linear geometry (decision boundary) of combinatorial problems 

3. Robust wrt noise and perturbations (e.g adversarial attacks) 
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Algorithmic Alignement
What do we need? 

1. Combinatorial Algorithms require hard argmax/argmin operations  
2. Captures the piecewise-linear geometry (decision boundary) of combinatorial problems 

3. Robust wrt noise and perturbations (e.g adversarial attacks) 

These three pillars are exactly the native properties of Tropical Algebraic Geometry 

-  are the basic operations  
- Polyhedral and piecewise-linear boundaries are the geometry 

- Robustness to perturbations is built in 

(max, + )
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f(x) = x3 ⊕ 2 ⊙ x ⊕ 2 = max{3x, 2 + x, 2}



Tropical Attention

Φλ(X) = log(max (0,X)) − λ

Tropical Simplex 
Valuation Map
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 K = ⨁ (Φλ(X) ⊙ Wk)

Q = ⨁ (Φλ(X) ⊙ Wq)

V = ⨁ (Φλ(X) ⊙ Wv)

 

 

attention becomes:  
“pick the value that best aligns 

projectively with the query.”

dℍ(K, Q) = max (K − Q) − min (K − Q)

C = ⨁ (−dℍ ⊙ V) = max (−dℍ + V)

10



Result: Quickselect

2410.01104 (Softmax is not Enough (for Sharp Size Generalisation))
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11 CO tasks

1. Quickselect: Find the k-th smallest elements in a set. (Classification) 
2. 3SUM (Decision): Decide if there exist a, b, c with . (Classification) 
3. Balanced Partition: Split numbers into two subsets with equal sum. (NP-complete Classification) 
4. Convex Hull: Given 2D points, identify the hull. (Classification) 
5. Subset Sum (Decision): Decide if some subset sums to a target T. (NP-complete Classification) 
6. 0/1 Knapsack: Maximize value under capacity with binary item choices. (NP-hard Classification) 
7. Fractional Knapsack: Items can be taken fractionally; predict optimal value. (Regression) 
8. Floyd–Warshall: All-pairs shortest paths on a weighted undirected graph. (Both Regression and 

Classification) 
9. Strongly Connected Components (SCC): Decompose a directed graph with community 

structure; predict pairwise same-component. (Classification) 
10. Bin Packing: Pack items into the fewest bins of fixed capacity. (NP-hard Classification) 
11. Min Coin Change: Minimum number of coins to reach a target T with each coin used at most 

once. (Classification)

a + b + c = T
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Results
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Experimental Saga: LRA benchmark 
Long Range Arena (LRA) benchmark,  

A standard for testing transformers on long-sequence tasks across text, image, and math domains. 

ListOps: Calculating the result of nested mathematical operations in parentheses (e.g ) 
Text Classification: The IMDB sentiment analysis task 

Document Retrieval: Finding a similarity score between two documents 
Image Classification: The CIFAR-10 image classification task 

Pathfinder: To identify whether two white points in a black background are connected by a path of dashed white 
lines.

min[max[1,2,3],4,5] = 3.
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Discussion
Tropical Attention brings: 

OOD length and value generalization performance while being robust to heavy noise 
Expressivity: Multi-Head Tropical Attention is a Tropical circuit that universally 
approximates   Dynamic Programs. (Theorem 3.2)  

Preserves the piecewise-linear geometry of combinatorial problems 
A shallow network provides a one-shot solution (sufficient) via the tropical transitive 
closure 

Sharp attention maps that upholds algorithmic reasoning beyond the training data ==> Size 
Invariance 

Open Horizons: 
Tropical Attention directly on Graphs (Tropical GNN)?  
Applications in tasks with combinatorial flavour?

(max , + )

https://github.com/Baran-phys/Tropical-Attention
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