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How to understand which inputs a Transformer treats as equivalent?

Existing methods rely on ad-hoc perturbations (heuristics, gradients) [1, 2, 3, 4]📚

↳Bounded and optimised perturbations ↳Gradient-based exploration
[1] X. Cai, J. Huang, Y. Bian, and K. Church (2020). Isotropy in the contextual embedding space: Clusters and manifolds. In International conference on learning representations.

[2] N. Papernot, P. McDaniel, S. Jha, M. Fredrikson, Z. B. Celik, and A. Swami. The Limitations of Deep Learning in Adversarial Settings (2016). In IEEE European Symposium on Security and Privacy 
(EuroS&P), pages 372–387, Mar. 2016. doi: 10.1109/EuroSP.2016.36.

[3] S. Salman, M. M. B. Shams, and X. Liu (2024). Intriguing equivalence structures of the embedding space of vision transformers.

[4] M. Wu, H. Wu, and C. Barrett. Verix: Towards verified explainability of deep neural networks (2024). Advances in neural information processing systems, 36.



Issue: the real geometric structure of Transformer representations is ignored
Existing methods rely on ad-hoc perturbations (heuristics, gradients) [1, 2, 3, 4]📚
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How to understand which inputs a Transformer treats as equivalent?

We use Riemannian geometry techniques to navigate the model's 
equivalence classes

Issue: the real geometric structure of Transformer representations is ignored
Existing methods rely on ad-hoc perturbations (heuristics, gradients) [1, 2, 3, 4]📚
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Preliminaries
Neural networks as sequences of smooth geometric maps between manifolds.
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Preliminaries
Neural networks as sequences of smooth geometric maps between manifolds.

Modelling distances with Riemannian geometry



Preliminaries
Neural networks as sequences of smooth geometric maps between manifolds.

Modelling distances with Riemannian geometry 
• Singular Riemannian metric

g : M → Bil(ℝn × ℝn), gp : ℝn × ℝn → ℝ



Preliminaries
Neural networks as sequences of smooth geometric maps between manifolds.

Modelling distances with Riemannian geometry 
• Singular Riemannian metric 
• Pseudodistance: infimum of Pseudolength 

• Zero  points in the same equivalence class .Pd Mi/ ∼i

γ : [a, b] → ℝn, s ∈ [0,1] Pl(γ) = ∫
b

a
∥ ·γ(s)∥γ(s)ds = ∫

b

a
gγ(s)( ·γ(s), ·γ(s))ds



Preliminaries
Neural networks as sequences of smooth geometric maps between manifolds.

Modelling distances with Riemannian geometry 
• Singular Riemannian metric 
• Pseudodistance 

‣ Zero Pd points in the same equivalence class . 

• Pullback function 

We take  and  to get the pullback for 
an neural network.

Mi/ ∼i

f = Λn ∘ Λn−1 ∘ … ∘ Λ1 M0 = ℝp, Mn = ℝq

(f*g)ij
=

q

∑
h,k=1 ( ∂fh

∂xi ) ghk ( ∂fk
∂xj )



General Results
Proposition. Distances measured by singular metrics  are preserved all the 
way to : this is because we have constructed to naturally allow this.


gi
Mn (f*g)ij

Pli(γ) = Plj(γj) (f*g)ij
=

q
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h,k=1 ( ∂fh

∂xi ) ghk ( ∂fk
∂xj ) f = Λn ∘ Λn−1 ∘ … ∘ Λ1
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Λ1 Λ2⋯i Λn

M1/ ∼1 Mn−1/ ∼n−1

Mn

Mi / ∼i

Λi⋯n−1
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General Results
Proposition. Two points have zero pseudodistance  any point in the path 
connecting them is mapped into the same output. 

⟺

x ∼i y ⟺ x ∼𝒩i
y 𝒩(i) = Λn ∘ … ∘ Λi : Mi → Mn

M0/ ∼0

Λ1 Λ2⋯i Λn

M1/ ∼1
Mn−1/ ∼n−1

Mn

Mi / ∼i

Λi⋯n−1

 and  are mapped to 
the same output

x y
Pl0(γ) = Pli(γi) = 0

γ γi
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General Results
Proposition. Each equivalence class is a smooth manifold. The directions 
tangent to these manifolds are precisely the directions of “zero change”. 

Movement along tangent directions is ignored by the network



Methodology
Exploring an equivalence class: SiMEC
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Methodology
Exploring an equivalence class: SiMEC

Compute the pullback to 
get the metric for p ∈ M0

ggp

Mn
M0

(f*g)0np



Methodology
Exploring an equivalence class: SiMEC
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Methodology
Exploring an equivalence class: SiMEC
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Methodology
Exploring an equivalence class: SiMEC
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Methodology
Exploring toward a different equivalence class: SiMExp

p
Map  to its output in p Mn

Compute the pullback to 
get the metric for p ∈ M0
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Experiments

SiMEC and SiMExp on different models and data modalities: 


• ViT on CIFAR and MNIST image classification


• BERT on Measuring Hate Speech (classification) and WinoBias (masked 
prediction)



Experiments
Empirical validation for SiMEC and SiMExp
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Original and top classes’ probabilities from embeddings, across datasets



Conclusions

• Introduced a Riemannian geometry-based framework for exploring 
Transformer input spaces


• Developed SiMEC and SiMExp for the exploration of equivalence classes


• Validated on different models and data modalities


Thank you for listening!


