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Background

e Chain-of-Thought (CoT) is a key paradigm for improving complex reasoning, especially

in structured tasks like math and logic.
* Yet even refined CoT data may skip essential reasoning steps that are clear to humans

but difficult for models.
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Where did the 15 come from in Step 2?
‘What's the pigeonhole principle?
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° ° Bridge 1
W h at I S t h e p I ge O n h o I e To determine the minimum number of times you must throw two ind the Gap!
« fair eight-sided dice to ensure that the same sum is rolled twice, we 2

can use the pigeonhole principle. The pigeonhole principle states Thought Leap Thought Leap °. CRENY

L o
p rl n CI p I e ? that if n items are put into m containers, with n > m, then at least

one container must contain more than one item.

Question
‘What is the minimum number of times you must throw two fair
eight-sided dice to ensure that the same sum is rolled twice?

| Step 1 | | Step 2 | | Step 3 |

Step 1
Consider two eight-sided dice, each numbered from 1 to 8. The
sums when rolling these dice range:

- Minimum sum: 1 +1=2 b .
- Maximum sum: § +8 =16 & Bridge Thought Leap x

h h Bridge 2
W e re d o e S t e « Therefore, the possible sums when rolling two eight-sided dice are

the integers from 2 to 16, inclusive. This gives us a total of 16 - 2 +
number 15 come from? L= 13 possible .
[ ]
Step 2 | Question | Bridge 1 | Step! | Bridge2 [ Step2 | Step3 |
By the pigeonhole principle, to ensure at least one sum appears
twice, we need to roll the dice 15 + 1 = 16 times.

Step 3 \ :-'g "
: : ()
Thus, to guarantee that the same sum appears twice when rolling ﬁ' £ Great, I understand the solution!
two eight-sided dice, the dice must be rolled $\boxed{16}$ times. v,

Bridge 1: To determine the minimum of times...
Bridge 2: Therefore, the possible sums...




Background

 What happens when a model is trained on datasets with thought leaps?

* Based on MetaMathQA, construct datasets with varying degrees of thought leaps.
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Training impact: Severe reasoning leaps
can cause up to 27.83% performance loss

Learning efficiency: Slower and less
stable convergence.



Formulation V : completeness function
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Ideal complete CoT C* = (Q,s1,s5,...,s),) Vie[l,m—1] V(sf, s ) =True

m

Thought Leap CoT C = (s0,51,52,...,5,) ke [0,n—1] V(sk, Skr1) = False

CoT Thought Leap Bridge task e B omeeme T
I
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* Leap Identification (Sk,Sk+1) i i [
I
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« Content Bridge (82;,1;82;,_2,_'- ey B ;) WD

Challenges:
* Designing a completeness evaluation function is difficult.

* |deal completeness is a theoretical concept — how can it be handled in practice?



CoT-Bridge

We chose ScaleQuestMath as an approximation of ideal CoT, as its reasoning structure is
relatively complete and well-formed, making it suitable for systematic step removal.

There are 6 blue, 7 red, and 4 black balls in the bowl. How many balls must be removed to make sure

you will remove at least 2 of the same color?

To determine the minimum number of balls that must be removed to ensure that at least 2 of the same
color are removed, we can use the Pigeonhole Principle. The Pigeonhole Principle states that if n items
are put into m containers, with n > m , then at least one container must contain more than one iten.
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In this problem, the "containers" are the colors of the balls (blue, red, and black), and the "items" are the
L balls. We want to ensure that at least one color has at least 2 balls.
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There are 3 colors (blue, red, and black). In the worst-case scenario, we could remove 1 ball of each
color without having 2 balls of the same color. This means we could remove 1 blue, 1 red, and 1 black
ball, and still not have 2 balls of the same color. This totals to 3 balls.

color are removed is \( 3+ 1=41\).

Therefore, the minimum number of balls that must be removed to ensure that at least 2 of the same

g

(System:
You are a mathematics teacher reviewing a
solution that may be missing one or more steps.
User:
<incomplete solution>
> Step 0: O

t»e Step 1: §2
/ Lyo Step 2: S3
|»e Step 3: S5
/yo Step 4: S6
\</inmn1plete_§ulutinn>
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(Assitam: N
1. The missing step is between Step 0 and Step I:
LAY

2. The missing step is between Step 2 and Step 3:
\i S4
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o { Inference
A stepo | )
What is the minimum number of times you must
throw two fair eight-sided dice to ensure that the
same sum is rolled twice?
- >
f| Step 1 =

Consider two eight-sided dice, each numbered from
1 to 8. The sums when rolling these dice range:

- Minimum sum: 1 +1=2

- Maximum sum: 8 + 8 = 16

N /
/-I Step 2 ~
By the pigeonhole principle, to ensure at least one
sum appears twice, we need to roll the dice 15+ 1 =
\]6 times. 4
/-| Step 3 ~
Thus, to guarantee that the same sum appears twice
when rolling two eight-sided dice, the dice must be
\rolled S\boxed{16}$ times. >

The missing step is between Step 0 and Step 1:
To determine the minimum number of ...
The missing step is between Step I and Step 2:
Therefore, the possible sums when ...
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Main Experiment

Basic Level

Competition Level

Dataset Size Method Average
GSMS8K MATH GaoKao Odyssey Olympiad AMC23
Meta-Llama3.1-8B
/ } 4-shot 54.15 1830 20.58 16.54 4.85 1125 2095
GSMSK+MATH 15k Direct SFT 65.09 19.25 21.69 18.48 5.07 1250  23.68
MathInstruct 262k Direct SFT 68.16 2360 2552  25.06 5.89 7.50 25.96
Direct SFT 7890  36.10 3286  24.68 848 1750 33.09
QwenBridger-8  SL10Y 323572 30.52%° mer=" 926"V 750" 3gmg=1 |
MetaMathQA 395k QwenBridger-L ~ 80.80°' 38.05°% 31.437 24.489% 9370% 250759 3111719 1
5 95 -0.26 g = 503 !
CoT-Bridge-R  _80.467'*° 38,05 _33.57:"7! 244270 _ 9.37°%) 1250°" 33.06°" |
CoT-Bridge | BL147" 381577 33,1277 2597" 7 948 7 187577 34447 " |
Direct SFT 8486 5145  49.03 3656 2130 2000 4387
' QwenBridger-S  84.23°% 52.40"°% 51.957% 39737 24.70°% 2750 46.757%
NuminaMath 859k  QwenBridgerL 8525 54207 51.62"*% 39.08"% 2533"" 3500"°" 4841
CoT-Bridge-R  _84.82°" 54207 51.88"%" 40127 26.157"* 3375'" 48.507"° _
CoT-Bridge | 85977 568077 544277 40767 2485 35,637 49,747
Qwen2.5-Math-1.5B
/ / 4-shot 79.00 4805 4552  38.18 1907 2250 4205
GSMBK+MATH 15k Direct SFT 74.45 5140 4766 3850 1744 2750 42383
MathInstruct 262k Direct SFT 7096 4890 4649  40.89 1622 2000  40.58
Direct SFT 81.01  49.60 4662 3863 18.19 2125 4255
QwenBridger-S  81.58""77 51.30"""" 46.69"" 38.637"" 18.52"" 2563 44,04
MetaMathQA 395k QwenBridger-L 81401_(]'00 53.6344_!)3 494224&.6!! 38.70“"“7 18.85#1_66 2750%.25 44.82+J':7
CoT-Bridge-R 81.58"77 53657 48.127'7" 39,02 18227 25.63"% 44377
CoT-Bridge 81.39"% 56.607" 49.61°" 39.66"'" 19.44"'7 287577 45917
Direct SFT 83.62 6390 5740 4677  33.04 325 5287
' QwenBridger-S  83.237" 64.20"" 58.25"% 46.96""" 32.047'" 35007 5328
NuminaMath 859 QwenBridger-L ~ 82.81"%" 66.25"" 57.79"" 46,64 3270 4000 54.37°'%
CoT-Bridge-R ~ 83.06"°° 65.20"*" 55.847"° 43,097 33.89""* 40.00"* 5351"*
CoT-Bridge 84.61°"" 68.05° 59.29'% 4716 34117 45.00""*" 56,26

we performed supervised fine
tuning (SFT) experiments using
MetaMathQA, NuminaMath-CoT
datasets and their bridged versions
on representative base models.

-

Performance Drop

- Consistent Improvement

* Bridging Thought Leaps using CoT-
Bridge consistently improves
reasoning performance.

* Accurate leap identification is
crucial for effective bridging.

e Zero-shot bridging shows promise
but lacks consistency.



Analysis 1

CoT-Bridge can serve as a plug-and-play enhancement module that seamlessly integrates
into existing training pipelines while delivering consistent performance improvements.

Dataset Method GSMS8K MATH GaoKao Odyssey Olympiad AMC23 Average

Direct SFT ~ 81.86  68.15  60.84  48.13 3300 3937 5523 Qwen2.5-Instruct-728B

Distl CoT-Bridge ~ 82.52°"° 71.50"" 66.43”7 49.16"" 34.89"'" 4500° 5825"" (djstilled and rejection

: : Direct SFT 83.36 74.90 64.94 51.81 37.63 50.00 60.44
Re.]eCt Samphng C(;T—Bl‘ldge 83 74+(].3?\' 75 25+U.."5 67 47+2.53 51 87+U.(l() 39 41+1.7?‘3 53 13+3.l3 61 81+1.37 Sampled data

* CoT-Bridge can improve the quality of generated data in knowledge distillation and
rejection sampling

78 ; | -
Model Method GSMS8K MATH GaoKao Odyssey Olympiad AMC23 Average QwenZ.S-Math-Numina : ;/E L7
76+ —=— Qwen2.5-Math-NuminaBridge n B/ -
Qwen2.5-Math-Instruct-1.5B / 84.80 75.80 65.50 54.52 38.10 60.00 63.12 > A /,,'/ T
Oat-Zero-1.5B Dr.GRPO 83.62 7420  69.61 5271  37.60  53.00  61.79 8 74 i FTX
Qwen2.5-Math-1.5B GRPO 8271 7460 6494 4910 3585 5000  59.33 3 %] L%
Qwen2.5-Math-Numina GRPO 8431 7480 6234 5194 3941 5250  60.88 Em_ i
Qwen2.5-Math-NuminaBridge =~ GRPO 84,0802 7820°% g7.01™¥ 542622 030" 60,00 39870 § /
T 68 _a =
EEG- ‘\..\-/{/.
* Using bridge-augmented datasets for SFT leadsto =]
a higher performance ceiling in subsequent RL. o SsesS s

GRPO Training Step



Analysis 2

To evaluate the capability of various methods in CoT Thought Leap Bridge Task, we
constructed a standardized evaluation framework on ScaleQM+ test set, covering leap
identification and generation quality.

Method Similarity Position OverallT
Pref RecT Redl|
Qwen2.5-Instruct-7B / 14.15 12.04 34.13 10.54
Qwen2.5-Instruct-72B / 3399 3364 33.73 31.12
CoT-Bridge / 78.02 7837 1.61 76.15
| 2096 79.64 79.04 75.72
0.95 2342 7307 7657 F1.22
Full-position 0.90 24 .81 5921 7437 559
0.85 19.34 30.17 63.87 28.26
0.80 7.47 865 3251 77.84

CoT has the best leap localization
accuracy and generation quality.
Other baselines suffer from high
redundancy rates.

Redundant steps can easily cause
the model to learn repetitive
patterns.



Analysis 3

* OOD Experiments in Logical Reasoning Tasks (Meta-Llama3.1-8B: 1~2.99%, Qwen2.5-
Math-1.5B: 180.99%)

 CoT-Bridge help models master general reasoning structures and enhance
generalization capabilities.

Bridge Method  Maertic FOLIO LogicQA PW ReClor  RuleTaker Average
NuminaMath+Meta-Llama3.1-8B
No Brid Accuracy T 68.15 34.33 59.09 47 54.5 52.61
OPHEEE nvalid | 148 6.3 051 2 0.31 212
GanBridee Accuracy T 74.077%  35.64"7'  61.527" 50.207" 56.57"*"  55.60""
pLHES Invalid | 0.74 4.92 0.2 29 0.1 1.63
NuminaMath+Qwen2.5-Math-1.5B
No Bridee Accuracy T 74.07 29.72 55.84 376 53.05 50.06
& Invalid | 1.48 4.53 0.3 1.2 0.72 1.65

Accuracy T 711 1—2.96 33.10-1-3.33 58.38+2.54 39.00+l 40 53.67+0.62 51.05+('}.99

GapBridge  povalid ] 148 3.46 0.3 1.4 0 1.33




Analysis 4

* Ablation Study: Remove one bridging type (begin/middle/end) - Fine-tune Qwen2.5-
Math-1.5B with same settings.
* All three types of completion have a positive effect on model performance

Delete Pos Num Ratio GSM8K MATH GaoKao Odyssey Olympiad AMC23 Average
Qwen2.5-Math-1.5B+MetaMath

/ / / 8139  56.60 4961  39.66 1944 2875 4591
-begin 225873  31.84  82.71°° 558577 495577 41.09"" 19227 2250 45157
-middle 470541 6634  80.97"% 524517 49359 37.147> 17267 27507 44.117'%
- end 12908 1.82 8114 55757 4904 37.027% 1878 28.17%% 45 1300

Qwen2.5-Math-1.5B+NuminaMath

/ / / 84.61 68.05 59.29 47.16 33.44 45.00 56.26
-begin 694887 4257 8260 64.85° 586799 4548'% 3296%% 38.75%° 5389
-middle 906168 55.52  83.517"'" 63.55"" 56437 47.16"" 28307 38.13°% 5285
- end 31115 1.91 §2. 790 GLOFPN SRPTAEE AE SINEL D7 488 49 SRRl 53 e




Analysis 5

* Content Analysis of Bridge: Scoring the content of Bridge using Qwen2.5-Math-PRM-7B.

* CoT-Bridge achieves much higher content quality for Bridge compared to the baseline.
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