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Conformal Inference under 
High-Dimensional Covariate Shifts

via Likelihood-Ratio Regularization

Goal:     (marginal test coverage)ℙ(Ytest ∈ Ĉ(Xtest)) ≥ 1 − α

Quantile Regression: given affine class ,ℋ

Idea: craft novel regularization to encourage h* ≈ r

Step 1:  Constrain .   s.t.  h ≈ r min
h∈ℋ,γ∈ℝ

𝔼cal[ℓα(γh, S)] 𝔼cal[(h − r)2)] ≤ ε

Learning Theory

LR-QR interpolates 
between  and .r q1−α

Experiments

Our Method: Likelihood-Ratio Regularization

ℙtest(Y ∈ Ĉ(X)) ≥ (1 − α) − (1 − α)(approximation error of ℋ) − o(1) .

Thm. With high probability, the ERM  with regularization strength  obeys:(ĥ, ̂β) λ

In finite samples, PAC-style coverage lower bound:

Our Algorithm: LR-QR

2. Return C(x) = {y ∈ 𝒴 : S(x, y) ≤ h*(x)}

Step 2:  Expand.   𝔼cal[(h − r)2)] = 𝔼cal[h2] + 𝔼test[−2h]

change−of−measure

+ 𝔼cal[r2]

constant

Estimable without plugging-in !̂r

Calibration
data

Threshold
h : 𝒳 → 𝒴

Prediction set
C(x) = {y : S(x, y) ≤ h(x)}

Q: Interpolate between  and , without high-d estimation?r q1−α

Step 3: Replace w/ regularizer.  Drop constant:CP:

Setting: covariate shift in high (input) dim from calibration  test→

Likelihood-ratio: r(x) = dℙtest
X /dℙcal

X (x)

.h* = arg min
h∈ℋ

𝔼cal[ℓα(h(X), S(X, Y))]
ℙtest(Y ∈ Ĉ(X)) ≥ (1 − α) − (1 − α)𝔼cal[ |r(X) − rℋB

(X) | ] − ℰcov,
(#1) valid coverage if 
(#2) valid coverage if  (quantile fn)

r ∈ ℋ
h* = q1−α

1. Compute , where(h*, β*) = arg min
h∈ℋ,β∈ℝ

Lλ(h, β)

Lλ(h, β) = 𝔼cal[ℓα(h, S)] + λℛ(βh)

Reparametrize: :(h, γ) ↦ (βh,1/β)

ℛ(h) = 𝔼cal[h2] + 𝔼test[−2h]


