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Background: Physics-informed Machine Learning
What is PIML?

« Combine experimental/numerical data and physical constraints
« Incorporate physics laws into model architecture or loss function, etc.

%A}% predict
Experimental / folx, 1) .
Numerical data | physical phenomena
Examples of Physics laws
Differential Equations Symmetries Stability
Orfg = Afg fo(g-x) =g - fa(x) lim fy = f*

t—oo

« Empirically improves generalization & OOD robustness
« But theoretical understanding is limited

The goal is to provide a unified theoretical framework explaining
how physics constraints improve generalization.




Formulation: Complexity Error Analysis on PILR

Data
m Target function: f* st. Z[f*]~0 m Observation model:
= Training samples: {(x;,y;)}"_, yi = F*(x;)+e;, gi ~ N(0,0°)

Physics-informed Linear Regression (PILR)

w = arg min 1 |y — ®w |3
weV(2,8,T)NBy(R) 1
Feasible Set Definition . . .
Min-Max Complexity Error Analysis
V(2,B,T) = {w R : (D[w" ¢, ), = 0,¥(tbx, i) € T, ¢; € B} EpiLr = min  max _ ||@w — w*|[|3
w w*eVNB2(R)
Collocation Variational
Measure i Dirac dy, Lebesgue/Borel on Q2
Trial 1y constant or probes (1« = 1) FE basis/test space Vi
Enforcement  pointwise residual Z[f](xx) =0 weak residual [ Z[flykdx =0
Pros simple, mesh-free stability, boundary handling, FEM links

Represent physics constraints via a unified residual form,
integrating collocation (PINNs) and variational (FEM) approaches.



Main Results

Theorem (informal)
Regularity Assumptions

Let V(2,B,T) be the (3, dy)-regular affine variety. Suppose that

Bounded basis: Each basis function ¢; € B is bounded, i.e.,

supyeq |0(x)]2 < M;. m the basis functions are bounded by a constant,

Well-conditioned design: For some 7 > 0, the design matrix ® satisfies m the minimum eigenvalue of the design matrix is restricted, and
1 1 m the stability condition for the estimator holds.
Jrllewle> - wla, Vw € By(2R), o/ el c - -
V1 Then, for § € (0,1), with probability at least 1 — &, the minimax risk for PILR satisfies

Estimator stability: The estimator is Lipschitz-continuous w.r.t. the optimal

weights: dy log(dyd) log 23 log(2/6)

[y — Well2 < (T = 1)[|wf — w2, >1 O \/—‘l‘ — + 2 ———
n n n
Main Insight Role of 3

m The minimax risk depends on the intrinsic dimension dy,, not the ambient m 3 measures the topological complexity of the affine variety (sum of Betti

dimension d. numbers). If the operator Z is linear, 8 = 1.
m When the topological complexity 3 is small: m Upper bound via Petrovskii—Oleinik—Milnor inequality:

< 20—1 d+1,
o= 0(/225) ws. g =0(y/2). B<pl2o—1)

where p is the maximal polynomial degree.

m Embedding physical constraints = reduced effective hypothesis complexity. m Larger p = more holes and disconnected components.



Example

Problem: Harmonic Oscillator
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Linear Regression w/ Fourier Basis
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Physics-informed Linear Regression
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Equation

d? k.
Dy = —y+

v
de2 —_ y(t) = yo cos(wt) + Uosin(wt), w =/ ks/ms.

Analytical solution

-
(
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Basis/Trial Functions

{(;53(33)} - {I;COS(wjm),Sin(wjx)}, Pk (.CU) =1, p = 5mk

(Dirac measure)

Complexity error bound

°(V:)

When d (number of basis) > n (sample size),
performance degrades due to overfitting.

When d > dy, (the dimension of the affine variety),
performance improves.

dy = dim ({w € R? : Z[w ' ¢|(zx) = 0, Vk}) = 2
= number of basis : cos(wt) and sin(wt)
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