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Preliminary
• A dynamical system's state evolves over time according to a fixed rule, 

typically expressed as a set of ODE or PDE equations.

• Data-driven approaches provide a valuable alternative and 
complement to physics-based methods for modeling complex system 
dynamics.

• Most dynamical systems (DS) learning methods presuppose an 
idealized, static environment under the i.i.d. hypothesis.

• This idealized assumption drives the need for generalization techniques 
capable of handling environmental distribution shifts.



Problem: Unlabeled Environments
• Current DS generalization methods share a critical limitation: a strict dependency on 

environment labels during training. These labels, which identify which environment a trajectory 
sample belongs to, are essential for these methods to identify inter-domain similarities and 
differences.

• However, in practice, these labels are often unavailable. This can be due to privacy concerns, 
data aggregation from multiple sources, or simply a failure to record the environmental context.

• This reality presents a fundamental challenge: How can we learn generalizable DS models 
when environment labels are unavailable?



• We review existing DS generalization methods and summarize their objectives for the multi-
environment learning problem with labeled environments 𝑒𝑒 = {𝑒𝑒1, 𝑒𝑒2, . . . , 𝑒𝑒𝑁𝑁}, as follows:
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• The dynamics is decomposed into two components: a global component shared across all 
environments, parameterized by 𝜃𝜃, and an environment-specific component, parameterized 
by 𝜙𝜙𝑒𝑒𝑖𝑖 for each environment 𝑒𝑒𝑖𝑖.

• This parametrization entails a decomposition that can be implemented either in a functional 
form (ℎ 𝑥𝑥𝑡𝑡𝑖𝑖; 𝜃𝜃, 𝜙𝜙𝑒𝑒𝑖𝑖 = 𝑓𝑓𝜃𝜃 𝑥𝑥𝑡𝑡𝑖𝑖 + 𝑔𝑔𝜙𝜙𝑒𝑒 𝑥𝑥𝑡𝑡

𝑖𝑖 ), or in a parametric form (ℎ 𝑥𝑥𝑡𝑡𝑖𝑖; 𝜃𝜃, 𝜙𝜙𝑒𝑒𝑖𝑖 = 𝑓𝑓𝜃𝜃+𝜙𝜙𝑒𝑒 𝑥𝑥𝑡𝑡
𝑖𝑖 ).

• The key ingredient for multi-environment learning is that 𝜃𝜃 should encapsulate the maximal 
shared dynamics, whereas 𝜙𝜙𝑒𝑒 should exclusively reflect the unique characteristics of each 
environment 𝑒𝑒 not described by 𝜃𝜃. To do so, a regularization term Ω(𝜙𝜙𝑒𝑒) is introduced to 
effectively penalize 𝜙𝜙𝑒𝑒, thereby facilitating learning in the global component

Generalization for DS



Problem Formulation
• We aim to infer an environment assignment for each sample that maximizes 

the model's generalization ability across different environments. 
• To achieve this goal, we reformulate the learning objective into an 

optimization problem contingent on a specific environment assignment 𝑒𝑒. 
• Specifically, our aim is to learn the environment assignment 𝑒̂𝑒 =

{�𝑒𝑒1, �𝑒𝑒2, … , �𝑒𝑒𝑛𝑛} ∈ 𝑀𝑀 𝑁𝑁 for each trajectory, to optimize generalization loss 
effectively: 
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• The overall objective is defined as follows:
𝑒̂𝑒∗, 𝜃𝜃∗, 𝜙𝜙∗ = arg min

𝑒̂𝑒,𝜃𝜃,𝜙𝜙
𝑅𝑅𝑒̂𝑒(𝜃𝜃, 𝜙𝜙)



Key Insights
• Trajectories from the same environment have similar 

prediction errors under the same model. 

• Ultimately, each trajectory has a uniquely best-fit 
NN. This NN generalize to a cluster of trajectories 
from the same underlying environment.

• Solution: Use prediction loss to infer environment 
labels. The NN that achieves the minimum loss for a 
given trajectory is designated as its environment.

• Alternate between:
• Inferring environments from current NNs
• Updating NNs with inferred environments

Trajectory“Centroid”
NN

NN



DynaInfer

• Bi-level Optimization with a min-min scheme

• ① Inference Stage: 
• Each trajectory is assigned to the NN with the minimal 

prediction loss:
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• ② Optimization Stage:
• Each NN is then optimized using its assigned trajectories:

𝜃𝜃 𝑟𝑟 , 𝜙𝜙 𝑟𝑟 = arg min
𝜃𝜃,𝜙𝜙
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Theoretical Property



Experiments
• We evaluate three strategies for assigning 

environment labels without environmental 
data: grouping all samples into one 
environment (All in One), giving each sample 
a unique label (One per Env), and random 
assignment (Random). We also include an 
Oracle baseline with known labels.

• We consider three base models for dynamic 
system generalization: LEADS, CoDA-l1, and 
CoDA-l2. Three dynamic systems are tested 
under domain generalization and domain  
adaption settings.

• Across all datasets, DynaInfer significantly 
outperforms other assignment strategies.

• Notably, DynaInfer either matches or exceeds 
Oracle performance

Domain Generalization Experiment

Domain Adaption Experiment



Experiments
• We illustrate the probability of 

environment assignments with 
DynaInfer over training time.

• Initially, our model may default to 
random assignments due to 
unoptimized neural networks. 
However, the assignments quickly 
converge to the true labels.

• Notably, systems with simpler 
dynamics, like LV compared to NS, 
enable faster convergence of 
environment assignments
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• Bibtex:
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• Code: https://github.com/shixuanliu-andy/DynaInfer

• Mail: szftandy@hotmail.com

• Wechat: 13924663583
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