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Decision Making under Risk

Finance: stock trading
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Figure by courtesy of Warren B Powell “A Unified Framework for Sequential Decisions under Uncertainty” 2

Risk is crucial in high-stake applications



Markov Decision Process (MDP)
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𝜋 Random Variable

◼ Policy 𝜋 = 𝜋ℎ ℎ∈[𝐻]

Π ∋ 𝜋ℎ: 𝑆 → 𝐴
◼ Return= cumulative reward  

𝑍ℎ
𝜋 = 𝑟ℎ 𝑠ℎ , 𝑎ℎ +⋯+ 𝑟𝐻 𝑠𝐻 , 𝑎𝐻

𝑎ℎ = 𝜋ℎ 𝑠ℎ , 𝑠ℎ+1 ∼ 𝑃ℎ(𝑠ℎ , 𝑎ℎ)
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Risk-neutral MDP vs. Risk-aware MDP

Risk-neutral MDP
max 𝐄[𝑍1

𝜋]

Risk-aware MDP
max 𝝆(𝑍1

𝜋)

Entropic risk measure (ERM) [HM72] 

𝐔𝛃 𝑋 ≔ 1
𝛽
log 𝐄 exp 𝛽𝑋 = 𝐄 𝑋 + 𝛽

2
𝐕 𝑋 + 𝑂( 𝛽 2)

𝛽 controls risk preference
◼ Risk-seeking 𝛽 > 0
◼ Risk-averse 𝛽 < 0
◼ Risk-neutral 𝛽 → 0

[HM72] Howard, Ronald A., and James E. Matheson. "Risk-sensitive Markov decision processes."
Management science 18.7 (1972): 356-369. 4



𝜂ℎ
∗ 𝑠, 𝑎 = [𝐓𝒅𝜈ℎ+1

∗ ](𝑠, 𝑎)
𝜋ℎ
∗ 𝑠 = argmax𝑎𝑼𝜷(𝜂ℎ

∗ 𝑠, 𝑎 )

𝜈ℎ
∗ 𝑠 = 𝜂ℎ

∗ 𝑠, 𝜋ℎ
∗ 𝑠

Distributional Dynamic Programming: Risk-aware Control

𝑼𝜷 𝑋 + 𝑐 = 𝑼𝜷 𝑋 + 𝑐 𝑼𝜷 𝐹 ≤ 𝑼𝜷 𝐺 ⟹

𝑼𝜷 1 − 𝜃 𝐹 + 𝜃 ⋅ 𝐻 ≤ 𝑼𝜷 1 − 𝜃 𝐺 + 𝜃 ⋅ 𝐻

Key property 1:  Additivity Key property 2:  Independence

backward recursion

greedy is optimal

Distributional Bellman Optimality Equation [LL21]
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Distributional Bellman Operator 𝐓𝒅: 𝑃 𝑅 𝑆 → 𝑃 𝑅 𝑆×𝐴

𝜂ℎ 𝑠, 𝑎 = 𝐓𝒅𝜈ℎ+1 𝑠, 𝑎 ≔ ∑ 𝑃ℎ 𝑠′ 𝑠, 𝑎 𝜈ℎ+1 𝑠′ (⋅ −𝑟ℎ (𝑠, 𝑎))



Risk-sensitive Optimistic Distribution Iteration (RODI)

Approximate Bellman recursion

𝜂ℎ
𝑘 ← ෢𝐓𝒅

𝑘
𝜈ℎ+1
𝑘

Distributional Optimism Operator

𝜂ℎ
𝑘 ← 𝐎𝑐𝑘𝜂ℎ

𝑘

RODI in one line

𝜂ℎ
𝑘 ← 𝐎𝑐𝑘

෢𝐓𝑑
𝑘
𝜈ℎ+1
𝑘

Distributional Optimism
𝑼𝜷(𝜂ℎ

𝑘(𝑠, 𝑎)) ≥ 𝑼𝜷(𝜂ℎ
∗ (𝑠, 𝑎))

∀ (𝑠, 𝑎, 𝑘, ℎ)
Policy Execution

𝜋ℎ
𝑘(𝑠) ← argmax𝑎𝑼𝜷(𝜂ℎ

𝑘(𝑠, 𝑎))
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Computational Inefficiency of RODI

State space = { , }
Uniform transition
𝑟 = 0, 𝑟 = 1

Operator 𝐓 expands support!

𝜂1 ← 𝐓𝜈2

𝜂3 ← 𝛿0 𝜂3 ← 𝛿1

𝜂2 ← 𝐓𝜈3
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RODI with Distribution Representation (RODI-Rep)

𝜂ℎ ← 𝐓𝒅𝜈ℎ+1 𝜂ℎ = 𝑆 ⋅ 𝜈ℎ+1

Represent distribution with fixed support via projection

𝜂ℎ ← 𝚷𝐓𝒅𝜈ℎ+1 𝜂ℎ = 𝜈ℎ+1 = 𝜂ℎ+1

Projection 𝚷
RODI-Rep

𝜂ℎ ← 𝚷𝐎𝒄
෢𝐓𝑑𝜈ℎ+1

Ensure optimism while maintaining computational efficiency

Bernoulli representation

𝜂ℎ = 𝜈ℎ+1
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Regret Bounds and Numerical Experiments

[FYC+21] Fei, Yingjie, et al. "Exponential bellman equation and improved regret bounds for risk-sensitive 
reinforcement learning." Advances in Neural Information Processing Systems 34 (2021): 20436-20446.
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Thank You!
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