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Setup

Truncation

- Consider a neural network
Multiclass
classification x(0) — Xg € R% jnitial input,
xO = o(Wix®D 1 b)) eR% for (=1, L—1,  (3.1)
Additional
Remarks X(L) = WLX(Lil) + b € RdL.

Usually, will take o(x); = max{0, x;} (ReLU).
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Truncation
map

Multiclass
classification

Additional
Remarks

T. Chen, P. M. Ewald (UT Austin)

Truncation map

Definition (Chen-E. '23)

Given W € R%*% and b € R% we define the truncation map

TW,b - R% ]Rdo,
x = W (o(Wx + b) — b).

X2 y2

X1 > V1
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Definition (Chen-E. '23)
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Wx> + b
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Truncation map

Definition (Chen-E. '23)

Given W € R%*% and b € R% we define the truncation map

TW,b : Rdﬂ —)Rdo,
x = W (o(Wx + b) — b).

Wx> + b
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T\ )
by N \\\ X1 > V1
\\:1 \\\\\\\\ /- [ ‘ J
\ \Wﬁl()ﬁ — b)
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Define cumulative parameters

wm = w, wO.=w,.. W = W,w,
b = by, b= Wb 4 by,

x(7:0) . (). x(mE=1)y,

14
o Tl/\/\f)‘b(’b(

Proposition (Chen-E. ‘25)

truncation maps
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Define cumulative parameters

wm = w, wO.=w,.. W = W,w,
b i=br, b= Wb + by, (3.6)

X0 = X0 x(m) = Tw(o) p(t) (X(T’e_l))- (3.7)

Proposition (Chen—E. '25)




Truncation
map

Multiclass

Truncation map: What about more layers?

Define cumulative parameters

w® .— Wi, W =w, . W = WZW(£71)7
b = by, b= Wb by, (36)

and

X(T’O) = X(O)7 X(T’z) = Tw(0), po) (X(T’éil)) (3-7)

Proposition (Chen-E. ‘25)

If all weight matrices W, are surjective, ¢ =1,--- L, then
xO = WO 6 4 pO) (3.8)

ford=1,---,L—1,
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Truncation map: What about more layers?

Truncation

map Define cumulative parameters

w — Wi, w .— Wy Wy = WZW(‘*”?
bV = by, b= Wb by, (36)

and

7,0)

X0 = x©) (10— 7 g (xTETD), (3.7)

Proposition (Chen-E. ‘25)

If all weight matrices W, are surjective, ¢ =1,--- L, then
xO = WO 6 4 pO) (3.8)
foré=1,---,L—1, and

() = WD L=1) (L), (3.9)
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This means that a feedforward neural network

fi f fi— fi
fp: R 1 RA 2y, . S RA1 L, RE 0 (310)
z ~— -~ ~—
Input layer Hidden layers Output layer

with decreasing layer dimensions dy > dy > --- > d;_1 > d|
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What this means

Truncation
map

Multiclass
classification
This means that a feedforward neural network
Additional £ fL f
1
Remarks fy - R 1y pd 2, Eipdor Tty pd , (3.10)
z ~— ~—

Input layer Hidden layers Output layer

with decreasing layer dimensions dy > dy > --- > d;_1 > d| can be
rewritten as a sequence of transformations on input space, followed by
an affine map to output space,

fp: RP TR 2y IR Ly R (3.11)

Truncation maps
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What this means

This means that a feedforward neural network

f; fi f
fp: R® Ay g By IARdo by pd 0 (310)
o \ , . ,
Input layer Hidden layers Output layer

with decreasing layer dimensions dy > dy > --- > d;_1 > d| can be
rewritten as a sequence of transformations on input space, followed by
an affine map to output space,

fp: R® TH R 2. ZF RS 2Ly R (3.11)

Truncation maps

This is independent of the activation function(s) being used.
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Consider the cone p + €4[h] C R” centered around a unit vector h and
based at p:

There are W and b such that, for o = Rel U,

L fx xeptel,
W ){p X € p+ Cy[—h]. (#-1)

en, P Id (UT Austin) Deep learning via truncation maps



Truncation map and (round) cones

S Consider the cone p + €y[h] C R" centered around a unit vector h and

map

Multiclass based at P

classification

p + €q[h]

Additional
Remarks

Lemma (Chen-E. 25)
There are W and b such that, for 0 = Rel U,

TW,b(X) =

X, X6p+€9[h]7 (4 1)
p, x€p+ C[—h]. '
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Truncation map and (round) cones

S Consider the cone p + €y[h] C R" centered around a unit vector h and

map
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classification

p + €q[h]

Additional
Remarks

Lemma (Chen-E. 25)
There are W and b such that, for 0 = Rel U,

() = WHWx, x€p+Colh], 42)
e W*Wp, x€p+Co[—h] '
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Multiclass classification

Truncation

map
Multiclass ‘
clas:iﬁcaticn Theorem (Chen_E. 25)

Consider a set of training data Xy = UJQ=1 Xoj C R%, with Q classes

Remarte. associated to linearly independent labels y; € R9. If the data is
sufficiently clustered, then there exists a ReLU neural network with
Q + 1 layers which interpolates the data.

Proof sketch.
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Multiclass classification: Sequentially linearly separable data

Truncation

Definition (Chen—E. ‘25)
We say a data set is sequentially linearly separable if there exists an
‘ ordering of the classes such that for each j =1,--- , Q, there exists a
Remarke. hyperplane H; and a point p; € H; such that H; separates Xp; and

Uk<j{Pc} U U Xok-

Multiclass

classification
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X0,1
4 /
(=3 /
X1
°
P1 H;
- (7,3)
e X el X3
X(Tﬁ) P
0,2 R
P X0,3
X0,2
H He
3
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Multiclass classification: Sequentially linearly separable data

We have proved the following:

Theorem (Chen-E. 25)

If the data is sequentially linearly separable, then a ReLU neural
network with Q + 1 layers of size dy = --- = dg > Q, dg+1 = Q,
attains a degenerate global minimum with zero training cost, which
can be parametrized by

{(Be, v, )}y € (0,7) x R% x (0,1), (4.3)

corresponding to triples of angles, normal vectors and a line segment
of base points (resp.) describing cones and hyperplanes.
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m Because we assumed the data to be very structured, the
constructions in this paper do not depend on the size of the data

set |Ap|, and therefore generalize well.

m Collapsing the classes to their means is one of the defining
features of neural collapse.!

1X4 Han, V. Papyan, and D. L. Donoho. Neural collapse under MSE loss: Proximity to and dynamics on the central path.
ICLR, 2022
(UT Austin)
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Follow-up papers:

m T. Chen, Derivation of effective gradient flow equations and
dynamical truncation of training data in deep learning, 2025.

m P. M. Ewald, Explicit neural network classifiers for non-separable
data, 2025.

Thank you!
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