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» Stochastic optimization with stochastic constraint :

min F(x) = Eeoplf(x, )] sublect to 8(x) = Ee-lg(x,€)] < 0,

where f, g are convex.

> However, we cannot access u directly, only an ergodic Markov chain
{&:} whose stationary distribution is .
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Ergodic Markov chain and mixing time

Definition

A Markov chain with transition matrix P is called ergodic if
(1) it has a unique stationary distribution p i.e. uP = p,
(2) lim¢—oo sup, |lVPt — u||7v = 0.

» We define
dmix(t) = SupHV'Dt - MHTV

and the mixing time
Tmix(ﬁ) = inf{t eN: dmix(t) < 6},
Tmix ::Tmix(]-/4).

» [t is known that

1
7—mix(e) < “0g2 E-|7_mix-
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> i.i.d. sequence is a special case of ergodic Markov chain with
Tmix(€) = 1.

» Let {&:} be an ergodic Markov chain and € > 0 be small enough.
Then the samples with 7,ix(€) time differences are almost i.i.d.

vP) — ) < e

Et _m(i)_) §t+7'm;x(e) M €t+27'mix(e) —

Yeongjong Kim (Postech) 6/34



Why Markov chain?

» We want to consider dependent data sequence.

P In many cases, we can not directly access to the target distribution p.

Instead, we can construct a Markov chain converging to n (Markov
Chain Monte Carlo method).
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Stochastic Optimization (without constraint) with

Markovian data

» Stochastic optimization :

min £(x) := Bep[f(x, )],

where f is convex.

> However, we cannot access p directly, only an ergodic Markov chain
{&t} whose stationary distribution is .
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Stochastic Optimization with Markovian data

> At t, we choose x; € X, without knowing f; := f(x,&;).

> A convex function f; is sampled from &; and we get some information
about f; at x; : fy(xt) and Vfi(x¢)

x1—>h— = xx—> k= xT o fr
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Stochastic Optimization with Markovian data

» Goal : We want to minimize the term
E[f(x7) — F(x)],

= 1T ; £
where X1 = T D=1 Xe, X*=argmin,cy f(x).
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Ergodic Mirror Descent (Duchi et al., 2012)

» (GD form) We update x;y1 = Pr(xr — @t VFii(xt)).

» Under F-Lipschitz condition of f, bounded domain X (of diameter
R),

Theorem (Duchi et al., 2012)

B _ R B
EMD with oy = (T gives

E[f(x7) — f(x*)] = O ( LT_W)) =0 <\/ETX> .

> We need to know the mixing time TmiX(T_1/2) in order to choose as.
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MAG (Dorfman et al., 2022)

» (MLMC sampling) Now we get Nysamples at each time t.
Xy — ft(l)’ ’ft(Nt) — Xpy1 —>

2, if2h < T
Here, N, itself is a random variable N; = ! -
1, if2k>T

where J; ~ Geom(1/2).
> After getting ft(l), e ,ft(N*), we define the estimator f; of f as
fo=1fl+4 "
C {Nt(ftNt — FM), i N > 2
» (AdaGrad) Then we update using

Xt4+1 = PX(Xt - ntvﬂf(xt)); Nt = +
S IV ()2

Where N =1 LN (xt)
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MAG (Dorfman et al., 2022)

» Under Lipschitzness & boundedness condition of f, bounded domain
X (of diameter R),

Theorem (Dorfman et al., 2022)

MAG with o = R/+/2 gives

E[f(%r) — F(x*)] = O ( T’;) .

» MAG does not require the knowledge of mixing time.

» Instead, each iteration requires E[N;] = O(log T) samples in
expectation.
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Q. Can we get similar results for constrained setting?

A. The answer is yes, although the extension to the constrained case is not
trivial.
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SCSO with Markovian data

» Stochastic optimization with stochastic constraint :

min F(x) = Eeoplf(x, )] sublect to g(x) = Ee-lg(x,€)] < 0,

where f, g are convex.

» We cannot access p directly, but only an ergodic Markov chain {&;:}
whose stationary distribution is p.
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SCSO with Markovian data

P> At every time step t, we choose a point x € X', without knowing
fo = f(x,&t), 80 = 8(x,&).

» Convex functions f;, g; are sampled from &; and we get some
information about f;, g at x¢ 1 fi(x¢), VF(xt), gt (xt), Vgr(xt)

x1— fi,81— = Xt = fe, 8 — - = xT = fr, 8T
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SCSO with Markovian data

» Goal : We want to bound both
E[f(x7) — f(x*)] and E[g(x7)],

< 1T . -
where X7 = + 37,1 X, x" = argmin,cy z<o (%)
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Drift-Plus-Penalty Algorithm (Yu et al., 2017)

> Pick x; € X, @ = 0.
» Update rule :

xee1 = argmingc v {(VeVA(x) + QiVae(xe) " x + allx — xil13}
Qi1 = maX{Qt + gt(Xt) + Vgt(xt)T(Xt+1 - Xt), 0}-
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Drift-Plus-Penalty Algorithm (Yu et al., 2017)

» Pick x; € X, @ = 0.
» Update rule :

xer1 = argmingey { (VeVi(xe) + QeVge(x)) x + allx — x[13}
Qer1 = max{ Qe + ge(xt) + Ve (xe) " (xe41 — x), 0}

*

> If we remove *, it is just the standard first-order primal-dual algorithm

1
Xt4+1 = PX[Xt - ﬂvth(Xn Qt)]
Qi1 = P]RZO[Qt + Voli(xe, Q)]

where L;(x, Q) = Vifi(x) + Qrge(x).
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Algorithm 1 - EDPP

By taking mixing-time-aware choices for V; and a;, we get our first
algorithm below.

Algorithm 1 Ergodic Drift-Plus-Penalty (EDPP)
Initialize: Initial iterates &1 € X, @1 =0,and 0 < < 1/2.
fort=1toT do
Observe f; and g;.
Set penalty parameter V; and step size parameter oy as

Vi = (Tmixt)67 Qp = Tmixt.

Primal update: Set z;1; as
T4y = argmin {(VtVfg(:l:f) + C‘Ztvgt(mg))T x + o D(z, mt)}
xeX
Dual update: Set Q;y1 as
Qi1 = [Qt + gi(xe) + Ve (xe) T (241 — ﬂﬂz)] .

end for
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Algorithm 1 - EDPP

Under standard assumptions (Lipschitzness & boundedness of f, g,

boundedness of X'), we have that

EDPP gives
(= (o * 7) Tr];l;(ﬁ Tr?I{XZ
Elf(xr) = fO6N =0 | 25 + =025
L
Elg(x7)] =0 (w) :
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Algorithm 2 - DPP-DD

Algorithm 2 below samples data every mixing-time steps to reduce
correlation.

Algorithm 2 Drift-Plus-Penalty with Data Drop (DPP-DD)
Initialize: Initial iterates ®1 € X, Q1 =0,and 0 < 8 < 1/2.
for k =1 to |T/Tmix] do

Set T(k—1)rmixtri = L(h—1)rmpet1 10T 4 =2, Trixc.
Observe frr.,. and gir.,. .
Set penalty parameter V; and step size parameter oy, as

Vi=k o=k

Primal update: Set xy, 1 as

i1 = AIEOID {(Vka Kt (@) + QY G (@) | @ + i D(a, mkrmix)}
A

Dual update: Set Q1 as

Qk+1 = [Qk + Ghrmin (mk’rmix) + vaTmix (mk‘rmix)T(kamix+1 = LhTmix )] 4

end for
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- DPP-DD

Algorithm 2

Under standard assumptions (Lipschitzness & boundedness of f, g,
boundedness of X'), we have that

DPP-DD gives

B
Tmix 4

T

(1-8)/2

mix

Bf(%r) - F(x)) = 6 (

_(1-5)/2

mix

d
(

E[g(xT)] = O

T(1-5)/2

T1-5)/2

)

)

» The convergence rates of EDPP and DPP-DD only differ in terms of

Tmix-
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With Slater's condition

Definition

The constraint function g is said to satisfy Slater’s condition if there
exist € > 0,% € X such that g(X) < —e.

Under standard assumptions and Slater’s condition, Both EDPP and
DPP-DD with 5 =1/2 give

B[F(xr) - ()] = 6 (/72

Blg(xr)] = 0 (/72

» The previous two theorems require the knowledge of mixing time
Tmix( T71) in the selection of V4, a.
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Algorithm 3 - MDPP

» (MLMC sampling) We get Nisamples at each time t.

ft(l) o ft(/Vt)
Xp — (1)7 ’ V) — Xpr1 —> e
8t 8t

2%, if 20 < T2
Here, N, itself is a random variable N; = ! T
1,  if2k>T

)

where J; ~ Geom(1/2).
> After sampling, we define the estimator f;, g of f,z as before.
» (Adaptive DPP) We proposed AdaGrad-style variant of DPP

Vi = @(5571)7 ar = 0(5t-1)
where S = 3Tk 1 (VA (a) 2 + Ve (xe) 7 + lge(xe) ).
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Algorithm 3 - MDPP

Algorithm 3 MLMC Adaptive Drift-Plus-Penalty (MDPP)
Initialize: Initial iterates 1 € &, @1 = 0 and parameters 0 < 8 <1/2, 6 > 0.
fort=1toT do
Observe f; and g via MLMC method.
Set penalty parameter V;, step size parameter oy as (1).
Primal update: Set x;; as

Ty = argmin {(V?.Vft(mt) +QVag(xy) =+ oy Dz, f”t)}
TzeEX
Dual update: Set Q41 as

Qi1 = [Qt + ge(@e) + Vage(m) T (@er1 — -’Bt)] N

end for
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What MLMC does

» MLMC estimator f; satisfies

FW (T
IEt—1[7f1r] =E¢1 [ ‘ T2 ‘ )

but the number of samples satisfies

E[N¢] = O(log T).

» |ts second moment
E[|VAC)IP],  ElIVe:(x)l?],  Elge(xe)?] = O(Tmix)

combined with our adaptive method allows us to choose parameters
as if we knew 7« without knowing it.
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Algorithm 3 - MDPP

Under standard assumptions (Lipschitzness & boundedness of f, g,
boundedness of X’), we have that

Theorem 4
MDPP gives

~ 1'8

Ela(el — & Tr(n2£+1)/4
[g(x7)] = T=B)/2 )"

E[f(xr) — f(x")]

» MDPP does not require the knowledge of mixing time.

» Instead, each iteration requires E[N;] = O(log T) samples in
expectation.
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Numerical Experiments

We conducted experiments on linear classification with fairness constraints
using Markovian data. The following algorithms were evaluated for
comparison:

e PD : Primal-dual method by Mahdavi et al. (2012).

e PD2 : Primal-dual method by Jenatton et al. (2016).

e DPP : Drift-plus-penalty algorithm by Yu et al. (2017).
e EDPP-t : Ergodic drift-plus-penalty (Algorithm 1).

e EDPP-T : modification of Algorithm 1 with non-adaptive parameters Vi = v/7TmixT
and oy = TmixT.

e MDPP : MLMC adaptive drift-plus-penalty (Algorithm 3).
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Numerical Experiments

ptimaity Gap. Optimaiity Gap.

Figure 3: Constraint 1 Infeasibility (Left), Constraint 2 Infeasibility (Right)

Our algorithms outperform other methods.
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Conclusion

> We are the first to show theoretical guarantees for stochastic
constrained stochastic optimization with Markovian data.

» We showed that DPP achieves a good bound of the optimality gap
and the infeasibility when we know the mixing time.

» If Slater’s condition holds, DPP achieves better bounds.

» We proposed an AdaGrad-style variant of DPP, which is of
independent interest.

» By combining our adaptive method with the MLMC estimator, we
could achieve bounds comparable to those of DPP even though we do
not know the mixing time.
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