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Problem

▶ Stochastic optimization with stochastic constraint :

min
x∈X

f̄ (x) := Eξ∼µ[f (x , ξ)] subject to ḡ(x) := Eξ∼µ[g(x , ξ)] ≤ 0,

where f , g are convex.
▶ However, we cannot access µ directly, only an ergodic Markov chain

{ξt} whose stationary distribution is µ.
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Ergodic Markov chain and mixing time

Definition
A Markov chain with transition matrix P is called ergodic if
(1) it has a unique stationary distribution µ i.e. µP = µ,
(2) limt→∞ supν∥νPt − µ∥TV = 0.

▶ We define
dmix(t) := sup

ν
∥νPt − µ∥TV

and the mixing time

τmix(ϵ) := inf{t ∈ N : dmix(t) ≤ ϵ},

τmix :=τmix(1/4).

▶ It is known that
τmix(ϵ) ≤ ⌈log2

1
ϵ

⌉τmix.
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Vs i.i.d.

▶ i.i.d. sequence is a special case of ergodic Markov chain with
τmix(ϵ) = 1.

▶ Let {ξt} be an ergodic Markov chain and ϵ > 0 be small enough.
Then the samples with τmix(ϵ) time differences are almost i.i.d.

∥νPτmix(ϵ) − µ∥ ≤ ϵ

ξt
τmix(ϵ)−−−−→ ξt+τmix(ϵ)

τmix(ϵ)−−−−→ ξt+2τmix(ϵ) → · · ·
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Why Markov chain?

▶ We want to consider dependent data sequence.
▶ In many cases, we can not directly access to the target distribution µ.

Instead, we can construct a Markov chain converging to µ (Markov
Chain Monte Carlo method).
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Stochastic Optimization (without constraint) with
Markovian data

▶ Stochastic optimization :

min
x∈X

f̄ (x) := Eξ∼µ[f (x , ξ)],

where f is convex.
▶ However, we cannot access µ directly, only an ergodic Markov chain

{ξt} whose stationary distribution is µ.
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Stochastic Optimization with Markovian data

▶ At t, we choose xt ∈ X , without knowing ft := f (x , ξt).
▶ A convex function ft is sampled from ξt and we get some information

about ft at xt : ft(xt) and ∇ft(xt)

x1 → f1 → · · · → xt → ft → · · · → xT → fT
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Stochastic Optimization with Markovian data

▶ Goal : We want to minimize the term

E[f̄ (x̄T ) − f̄ (x∗)],

where x̄T = 1
T
∑T

t=1 xt , x∗ = argminx∈X f̄ (x).
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Ergodic Mirror Descent (Duchi et al., 2012)

▶ (GD form) We update xt+1 = PX (xt − αt∇ft(xt)).
▶ Under F -Lipschitz condition of f , bounded domain X (of diameter

R),

Theorem (Duchi et al., 2012)
EMD with αt = R

F
√

τmix(T −1/2)t
gives

E[f̄ (x̄T ) − f̄ (x∗)] = O

√τmix(T −1/2)
T

 = Õ
(√

τmix
T

)
.

▶ We need to know the mixing time τmix(T −1/2) in order to choose αt .
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MAG (Dorfman et al., 2022)

▶ (MLMC sampling) Now we get Ntsamples at each time t.

xt → f (1)
t , · · · , f (Nt)

t → xt+1 → · · ·

Here, Nt itself is a random variable Nt =
{

2Jt , if 2Jt ≤ T
1, if 2Jt > T

where Jt ∼ Geom(1/2).
▶ After getting f (1)

t , · · · , f (Nt)
t , we define the estimator ft of f̄ as

ft = f 1
t +

{
0, if Nt = 1
Nt(f Nt

t − f Nt/2
t ), if Nt ≥ 2,

where f N
t = 1

N
∑N

i=1 f (i)
t (xt).

▶ (AdaGrad) Then we update using
xt+1 = PX (xt − ηt∇ft(xt)); ηt = α√∑t

k=1∥∇ft(xt)∥2
.
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MAG (Dorfman et al., 2022)

▶ Under Lipschitzness & boundedness condition of f , bounded domain
X (of diameter R),

Theorem (Dorfman et al., 2022)
MAG with α = R/

√
2 gives

E[f̄ (x̄T ) − f̄ (x∗)] = Õ
(√

τmix
T

)
.

▶ MAG does not require the knowledge of mixing time.
▶ Instead, each iteration requires E[Nt ] = O(log T ) samples in

expectation.
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Question.

Q. Can we get similar results for constrained setting?
A. The answer is yes, although the extension to the constrained case is not
trivial.
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SCSO with Markovian data

▶ Stochastic optimization with stochastic constraint :

min
x∈X

f̄ (x) := Eξ∼µ[f (x , ξ)] subject to ḡ(x) := Eξ∼µ[g(x , ξ)] ≤ 0,

where f , g are convex.
▶ We cannot access µ directly, but only an ergodic Markov chain {ξt}

whose stationary distribution is µ.
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SCSO with Markovian data

▶ At every time step t, we choose a point x ∈ X , without knowing
ft := f (x , ξt), gt := g(x , ξt).

▶ Convex functions ft , gt are sampled from ξt and we get some
information about ft , gt at xt : ft(xt), ∇ft(xt), gt(xt), ∇gt(xt)

x1 → f1, g1 → · · · → xt → ft , gt → · · · → xT → fT , gT
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SCSO with Markovian data

▶ Goal : We want to bound both

E[f̄ (x̄T ) − f̄ (x∗)] and E[ḡ(x̄T )],

where x̄T = 1
T
∑T

t=1 xt , x∗ = argminx∈X ,ḡ(x)≤0 f̄ (x).
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Drift-Plus-Penalty Algorithm (Yu et al., 2017)

▶ Pick x1 ∈ X , Q1 = 0.
▶ Update rule :

xt+1 = argminx∈X

{
(Vt∇ft(xt) + Qt∇gt(xt))⊤x + α∥x − xt∥2

2

}
Qt+1 = max{Qt + gt(xt) + ∇gt(xt)⊤(xt+1 − xt), 0}.
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Drift-Plus-Penalty Algorithm (Yu et al., 2017)

▶ Pick x1 ∈ X , Q1 = 0.
▶ Update rule :

xt+1 = argminx∈X

{
(Vt∇ft(xt) + Qt∇gt(xt))⊤x + α∥x − xt∥2

2

}
Qt+1 = max{Qt + gt(xt) + ∇gt(xt)⊤(xt+1 − xt)︸ ︷︷ ︸

∗

, 0}.

▶ If we remove *, it is just the standard first-order primal-dual algorithm

xt+1 = PX [xt − 1
2α

∇xLt(xt , Qt)]

Qt+1 = PR≥0 [Qt + ∇QLt(xt , Qt)],

where Lt(x , Q) = Vt ft(x) + Qtgt(x).
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Algorithm 1 - EDPP
By taking mixing-time-aware choices for Vt and αt , we get our first
algorithm below.
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Algorithm 1 - EDPP

Under standard assumptions (Lipschitzness & boundedness of f , g ,
boundedness of X ), we have that

Theorem 1
EDPP gives

E[f̄ (x̄T ) − f̄ (x∗)] = Õ
(

τ1−β
mix
T β

+ τ
β/2
mix

T (1−β)/2

)

E[ḡ(x̄T )] = Õ
(

τ
β/2
mix

T (1−β)/2

)
.
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Algorithm 2 - DPP-DD
Algorithm 2 below samples data every mixing-time steps to reduce
correlation.
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Algorithm 2 - DPP-DD

Under standard assumptions (Lipschitzness & boundedness of f , g ,
boundedness of X ), we have that

Theorem 2
DPP-DD gives

E[f̄ (x̄T ) − f̄ (x∗)] = Õ
(

τβ
mix

T β
+ τ

(1−β)/2
mix

T (1−β)/2

)

E[ḡ(x̄T )] = Õ
(

τ
(1−β)/2
mix

T (1−β)/2

)
.

▶ The convergence rates of EDPP and DPP-DD only differ in terms of
τmix.
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With Slater’s condition

Definition
The constraint function ḡ is said to satisfy Slater’s condition if there
exist ϵ > 0, x̂ ∈ X such that ḡ(x̂) ≤ −ϵ.

Theorem 3
Under standard assumptions and Slater’s condition, Both EDPP and
DPP-DD with β = 1/2 give

E[f̄ (x̄T ) − f̄ (x∗)] = Õ
(√

τmix
T

)
E[ḡ(x̄T )] = Õ

(√
τmix
T

)
.

▶ The previous two theorems require the knowledge of mixing time
τmix(T −1) in the selection of Vt , αt .
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Algorithm 3 - MDPP

▶ (MLMC sampling) We get Ntsamples at each time t.

xt →

f (1)
t , · · · , f (Nt)

t

g (1)
t , · · · , g (Nt)

t
→ xt+1 → · · ·

Here, Nt itself is a random variable Nt =
{

2Jt , if 2Jt ≤ T2

1, if 2Jt > T2

where Jt ∼ Geom(1/2).
▶ After sampling, we define the estimator ft, gt of f̄ , ḡ as before.
▶ (Adaptive DPP) We proposed AdaGrad-style variant of DPP

Vt = Θ(Sβ
t−1), αt = Θ(St−1)

where St =
∑t

k=1(∥∇ft(xt)∥2 + ∥∇gt(xt)∥2 + |gt(xt)|2).
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Algorithm 3 - MDPP
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What MLMC does

▶ MLMC estimator ft satisfies

Et−1[ft ] = Et−1

 f (1)
t + · · · + f (T 2)

t
T 2

 ,

but the number of samples satisfies

E[Nt ] = O(log T ).

▶ Its second moment

E[∥∇ft(xt)∥2], E[∥∇gt(xt)∥2], E[gt(xt)2] = O(τmix)

combined with our adaptive method allows us to choose parameters
as if we knew τmix without knowing it.
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Algorithm 3 - MDPP

Under standard assumptions (Lipschitzness & boundedness of f , g ,
boundedness of X ), we have that

Theorem 4
MDPP gives

E[f̄ (x̄T ) − f̄ (x∗)] = Õ
(

τ1−β
mix
T β

)

E[ḡ(x̄T )] = Õ
(

τ
(2β+1)/4
mix

T (1−β)/2

)
.

▶ MDPP does not require the knowledge of mixing time.
▶ Instead, each iteration requires E[Nt ] = O(log T ) samples in

expectation.
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Numerical Experiments

We conducted experiments on linear classification with fairness constraints
using Markovian data. The following algorithms were evaluated for
comparison:
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Numerical Experiments

Our algorithms outperform other methods.
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Conclusion

▶ We are the first to show theoretical guarantees for stochastic
constrained stochastic optimization with Markovian data.

▶ We showed that DPP achieves a good bound of the optimality gap
and the infeasibility when we know the mixing time.

▶ If Slater’s condition holds, DPP achieves better bounds.
▶ We proposed an AdaGrad-style variant of DPP, which is of

independent interest.
▶ By combining our adaptive method with the MLMC estimator, we

could achieve bounds comparable to those of DPP even though we do
not know the mixing time.
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