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Kernel regression on Rd

We observe i.i.d. pairs
(xi ,Yi ), i = 1, . . . , n.

• Yi ∈ R, xi ∈ Rd .

Goal: constructing a regression function

f̂n : Rd → R.

RKHS HK : space of functions from Rd to R based on kernel K : Rd × Rd → R.

• K (u, v) = e−∥u−v∥2

.

Ridge regression = minimizing empirical square error + complexity penalty.

f̂n = argmin
f∈HK

Rn(f )

with

Rn(f ) :=
1

n

n∑
i=1

(f (xi )− Yi )
2 + λ∥f ∥2HK

,

where λ > 0 is a regularization parameter.

Kernel distribution regression
We observe i.i.d. pairs

(µi ,Yi ), i = 1, . . . , n.

• Yi ∈ R and µi is a probability distribution on Ω (compact in Rd).

Goal: constructing a regression function

f̂n : P(Ω) → R,

where P(Ω) is the set of probability distributions on Ω.
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Hilbertian embedding

x : P(Ω) → H where H is a Hilbert space.
µ 7→ xµ,

Two-stage sampling

Ridge regression on distributions:

f̂n = argmin
f∈HK

Rn(f )

with

Rn(f ) :=
1

n

n∑
i=1

(f (xµi )− Yi )
2 + λ∥f ∥2HK

,

• where HK is the RKHS of a kernel K on H.

Two-stage sampling: For i = 1, . . . , n, µi is unobserved.
We observe i. i. d. (Xi ,j)j=1,...,N with Xi ,j ∼ µi .
We let µN

i = 1
N

∑N
j=1 δXi ,j .

Approximate ridge regression:

f̂n,N = argmin
f∈HK

Rn,N(f )

with

Rn,N(f ) :=
1

n

n∑
i=1

(
f (xµN

i
)− Yi

)2

+ λ∥f ∥2HK
.

Rates of convergence

Assumption: Near-unbiased condition.∥∥∥E [
xµN

i

∣∣∣µi

]
− xµi

∥∥∥
H

has order
1

N
.

Holds for mean embedding, sliced Wasserstein and Sinkhorn.

Theorem (improved rates of convergence).√
E
[
∥f̂n − f̂n,N∥2HK

]
= O

(
1

λ
√
n
√
N

)
.

Numerical illustration
• For i = 1, . . . , n, µi is a Gaussian mixture with Yi modes.

• For i = 1, . . . , n we observe N samples Xi ,j from µi .
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