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» Regret Minimization
® Bandit/RL algorithms are designed for regret minimization
® Regret: how much worse it performs compared to an offline oracle

> Statistical inference or uncertainty quantification
® Infer the effect of a policy; Gaining generalizable knowledge; Identlfymg
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new directions; Crucial for scientific discovery



STATISTICAL INFERENCE IN SEQUENTIAL DECISION-MAKING

» Bandit /RL Algorithms Induce Dependence

® Observations are not independent over time
» Use past history to select the action in the new context
» Data is adaptively collected
® Consequences: Introduce a bias, or potentially non-normality

» Villar, Bowden, Wason (2015); Deshpande et al (2021); Khamaru, Mackey, Wainwright
(2021); Zhang, Janson, Murphy (2021, 2022); Chen, Lu, Song (2021ab)

> Not fully-online algorithms: Heavy cost on computation and storage

» Design inference procedures that are simultaneously: sample-efficient,
computation-efficient, valid for adaptive collected data?
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POLICY EVALUATION W. LINEAR FUNCTION APPROXIMATION

For an MDP (S, A, P, R), we evaluate the cumulative reward for a policy 7
J'(5) =E[ D" R(s) | s0 =3
k=0

» Linear function approximation: T(s,0) = 0" ¢(s) = 27:1 O1¢1(s).

» The optimal parameter minimizes the MSPBE (Tsitsiklis and Van Roy, 1997):

0* = arg;nin 7(8) — HTWT(G)HZD,

where D denotes the stable distribution under 7, and 7 is the Bellman operator:

T(Q) =R+ ~PQ.



LEAST-SQUARES TD(0)

» Consider an equivalent fixed-point formulation (Kolter and Ng, 2009):

0* —argminE|¢ " (s)u — (R(s) + o' (s)0")].
ucR4

» Given a trajectory {(su, R(Sn),Sn+1)};2 ¢, the linear TD update (Sutton, 1988):

an+1 =0, + an+1{(¢(5n) - 'Y¢T(Sn+1))—r/0\n - R(Sn)}¢(sn)-

» Problems:
® Linear TD(0) algorithm is vulnerable to corruption in reward R;

® How to conduct online inference on 8*, or J*(s)?



ROBUST TEMPORAL DIFFERENCE

» Reward R comes from distribution (1 — o, )P + ,,Q:

® Q denotes arbitrary outlier distribution;
® Phas (1+ ¢)-moment;

» Pseudo Huber loss f,(x) = 72(y/1 + (x/7)2 — 1);

® Smoothed version of Huber: near quadratic locally, Lipschitz globally.

» Solve the robust fixed-point equation

0: = argminE £, (67 (5)u — (R(5) +67 (5)02)
uckd

» No longer quadratic = Gradient methods performs nonlinear updates
> Equivalent to E[¢(s)g-((¢ ' (s) — v ' (s))0% — R(s))] = 0, with g, (x) = f1(x).



ONLINE NEWTON METHOD
> Denote X; = ¢(s;), Zi = ¢(si) — v¢(siy1), and b; = R(s;);
» Target problem can be written as
E[Xg(270; - b)] =

» Propose the following online Newton update:

n

~ 1 PP R ~
011 = n+1 Z 0; - Hn—i—lm ZXi-f-lgTiH (Zi——r&-lai - bi-l—l)’
i=0

i=0

with Hypq = — 1ZXZ+1ZZ 18 (Z]10: — biya).



ONLINE NEWTON METHOD

> Reformulate the update as

o~

0,11 = én—i—l - Hn+1Gn+1§
» Online gradient update

n 1

Gny1 = T Gn + o 1X1’l+1g7'n+1 (Zy116n — buga);

» Online Hessian update (by Sherman-Morrison formula) — only scalar inverse:

~-1 n+1l~-1 n+1
H, ,=——H, —

n H Xn+1

1 _ ~—1
Zn+1H Xn+1+{87n+1(zn+10 —by11)} 1} Zn+1H



CONVERGENCE RATE

Theorem 1

Take the thresholding parameter 7; = C.i®. Assume ny is sufficiently large and the
initial value |6y — 6" |, < ¢ for some cy < 1. Then there is

( i no{]@ 9*2>C\fel}> >1—cny”,

h . 4o min(2) 7751_6)+ logn LT log? n N 1 (o)™
where = auT, — .
n = 0nTp T Ty 7 7 \/a 0

Assume m, = a,n outliers among n samples. We further have

~ N flogn log?n My 1
O — 672 = Oe <\/a< n +n1—ﬂ +n1—5+nT5> '




CONVERGENCE RATE (NO CONTAMINATION)

Corollary 2

When the contamination rate a;, = 0,
» When § € (0,1], we specify 7; = C,(i/ logi)1/(1*9). Then

~ log n\ 155
o or () ).

» When § > 1, we specify 7; = C,(i/ logi)!/2. Then

~ loen\1/2
o or ().




ASYMPTOTIC NORMALITY

Theorem 3

1/4 _ O(Tn),

If the contamination rate o, = 0(1/(y/n7,)) and n
@UT@” - 0%) LN N(0,1), where o2 =v " H 'S(H") 1o,
Ov

asn — oo. Here & = 322 E[XoX][ (Z 6* — by)(Z] 6" — y)].
When «,, = 0 (no contamination) and 7; = C,i® for 3 > 3/4,

d1
i)

» Asymptotic Normality is valid when d?/n = o(1), ignoring logarithm terms.

> For first-order methods, best remainder rate is Op(dn~'/3), even under i.i.d.
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n
Vo (@, — %) = o H 1= S X,(Z7 6" — b) + Op
\/ﬁ i=1



ONLINE STATISTICAL INFERENCE

> Asymptotic covariance matrix H-'S(H")~! with

= E[XoX{(Z; 0" —bo)(Z] 6" — by)].
k=—o00

» Construct the estimator

n o [AlogilAGi—1)

1 N N
Xn = > > XX/ 18+(Z 0i1 — bi)gr, (Z] 1 Bik—1 — biy).
i=1 k=—[Xlogi|A(i—1)

» Requires only O([logn]) memory due to ¢-mixing property.



ONLINE ESTIMATION OF LONG-RUN COVARIANCE MATRIX

Theorem 4

The covariance estimator X, satisfies

- dl dr2log?
| - = = Op <\/¢§Tgan+\/aﬂfl+7n\/ e ”).

Given a unit vector v, a confidence interval with nominal level (1 — ¢) is

|:’UT§YI - ql—f/?.av’ ’UT/én + %—5/281:} )

1o AT
with 62 = o H, S,(H,) 'oand q_¢/ = ®1(1 — £/2).



SIMULATION STUDIES

FrozenLake Environment
Infinite-Horizon MDP
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FROZENLAKE ENVIRONMENT
COMPARATIVE ANALYSIS

» Comparison between ROPE and
LSA;

» Coverage probability (the first
row)
the width of confidence interval
(the second row)
computing time (the third row) ;

» Contamination rate o, in
{0,n71,0.05n~1/2}.
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CONCLUSIONS

An online policy evaluation robust to heavy-tailedness and outliers;
Technically difficult due to non-linear stochastic gradient update;

An online statistical inference procedure for policy evaluation;
2nd-order approach for improved efficiency without computation loss;
Improved higher-order convergence to the asymptotic normality.

The Annals of Statistics (to appear), arXiv: 2310.02581.
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