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TL;DR: Retrieval helps only while aligned evidence grows faster than reader-facing ambiguity, which explains
recall-accuracy decoupling under shift.

1. Problem & Core Law 2. Falsifiable Signature & Regimes 3. Validation Scope & Probes

The Budget Dilemma: Under distribution shift, Recall # Accuracy: Gold-evidence recall can keep Two-Tier Validation:
increasing top-k improves evidence coverage (7,.:7), rising after answer accuracy saturates or falls.

* Linear-ICL Synthetic: Exact check of linear-v

but also injects distractors, label conflict, and _ _ _ coupling (R?=0.999) and interior k* (15/15 cells).
length overhead (<;). Three Diagnostic Budget Regimes:
o . * Frozen LLMs (0.5B-7B + API): Qwen2.5,
’ SQuAD, MS MARCO: rises with £; DeepSeek-V3.1, Kimi-K2.5, Gemini-3.6-Flash,
rerank/compress. Qwen3.7-Max.
Effective Evidence Coverage Law: . m SciQ, PubMedQA: top-1 suffices;

RiskFAC 2 base + 3] (v — et )1 + Ek] JaB extra k wastes tokens.

. FEVER, MNLI, HOtpOtQA extra k OperatiOnaI Probes (Zero Training): RA'EEB,
hurts; cap/filter. QCA-EEB, and Router-EEB test whether the diagnosis

is actionable using frozen calibrated thresholds.

Cheap Diagnosis: The sign of Fixed-4 — Fixed-1
Principle: Retrieval reduces risk only while aligned separates the three regimes across readers without Disclosure: Sole author; no third-party funding; no
evidence grows faster than reader-facing ambiguity. training. competing financial or non-financial interests.



Motivation & Effective Evidence Coverage Paradigm

Why retrieval-augmented in-context learning under distribution shift is a budget problem, not a recall-only problem

Core Mechanism & Diagnostic Commitments

Why Single-Shift Theory Is Insufficient:

» Covariate shift (A,) and task-prior shift (A,,) interact through a
resolvent-weighted mixed term c3v+/af.

« Single-shift analyses are additive in o and 3, so they cannot
explain why two tasks under the same retriever and reader
follow opposite budget trends.

Competition Between Coverage and Ambiguity:

 Aligned Coverage (7..;7): Retrieval along the harmful
coupled-shift direction cancels cross-shift risk until saturation

(nretr Z ,Y)
- Reader-Facing Ambiguity (¢,): Off-direction distractors

(caist), Pprompt length (¢1.,), and finite reader capacity (¢,caq)
accumulate with k.

Explicit Falsification Commitments:

* P1 (Decoupling): Falsified if accuracy is monotone in recall
after controlling prompt length.

* P2 (Semantics vs. Length): Falsified if oracle fails to recover
accuracy or shuffled same-length context matches retrieved
context.

* P3 (Regime Stability): Falsified if regime labels invert
erratically across nearby reader scales.

Scope: Spectral quantities (v, p, net) are provable in local linear ICL
and treated as /atent in frozen LLMs.
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Overview of the Theory-Guided Budget Diagnosis (Figure 1)
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Reading Figure 1:

¢ (A) Marginal Tradeoff: Retrieval helps only while marginal aligned coverage exceeds marginal ambiguity.
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B D. Diagnostic Regimes
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instance-aware budgeting, not one-size-fits-all.

¢ (B) Coupled-Shift Law: Separates useful shift-aligned coverage 7, from ambiguity overhead ¢y.
¢ (C-D) Signature & Regimes: Gold recall rises after accuracy peaks, splitting tasks into Coverage,

Saturation, and Interference regimes.



Local Linear-ICL Theory & Synthetic Validation
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Direct quantitative verification where spectral coordinates («, 3,7, p, met) are controlled

Theorems 1-3 & Quantitative Synthetic Checks Interior Budget Boundary & Recall-Risk Decoupling

Thm. 1-2 (Coupled Shift & Breakdown) & Thm. 3 (Coverage Law):

15/15 Cells +6.9% to +14.2% || +10.0% to +14.9%
. cid . . N o . . . .
RiskPAC(q, B, v;7) = e col+ B) + ¢3|(7 — Dett) s + sk] B+ O((a + 832 4 r?) Interior optimum & € 4, 10] Post-k excess risk rise Risk penalty when pushing
n under rank-decaying p;, as coupling v increases recall from 0.92 to 0.99
where a = ||A]54 8 = [|Aull3gs v € [—1, 1] is shift alignment, r = kp~* is coverage,
and n,.; € [0, 1] is aligned projection.
A. Budget boundary (precision pg =0.9) B. Recall--risk decoupling (y =0.8, pg =0.5)
1.7 4 : - 1.0
o 1.6 L 1807 _
£ 1.5 2 - 0.8 g
Synthetic Experiment Lin.-y R> Even-y R? Cells Key Finding S 141 gy S 1751 [ oc 8
1a: PSD shift (d=n=60) 0.621 (0.847)  0.288 9/9  Monotone in ~; v<0 2 13- =04 2 70 g
cancels up to 96% 2 127 S o > 2
excess risk g 11 : g 165 1 .-
1b: Trace-free (d=n=60) 0.999 0.990 9/9 Zero 1st-order term; 1.0 1 W Lo ?
confirms linear yv/af 091, . ! . . | | ; | | | [ 0.0
. . 0 5 10 15 20 25 0 5 10 15 20 25
2: Rank-decay (d=20,n=48) pj = poe~U~D/8 15/15 Interior £* € [4, 10]; retrieved evidence count k retrieved evidence count k
6.9%—-14.2% post-£k*
rise
2b: Conflict sweep (c=0.4/1.0) boundary shifts left 14/15,8/15 Rise 10.7%-20.9% at
c=0.4; else k*=0 Key Synthetic Findings:

- Left (Budget Boundary): Under rank-decaying precision p; = poe~VU=1/8 (r=8), an
interior optimum £* € [4,10] appears in 15/15 cells, and post-k* excess risk rises
monotonically with coupling .
Mechanism Division: Optimum k* tracks retriever precision (k*=6, 7,9 for py=0.5,0.7,0.9
at v=0), while coupling v sets the post-boundary penalty (0.100 — 0.236 risk units). TWith
1st-order terms.

» Right (Recall-Risk Decoupling): At p,=0.5, the risk optimum sits at aligned recall
0.89—0.95; pushing retrieval to full recall (0.99) increases risk by 10.0%—14.9%.



Conditional Reader Transfer & Real-System Budget Sweeps

Testing Proposition 4, Recall-Accuracy decoupling (P1), and Oracle vs. Shuffled controls (P2)
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Proposition 4 & Theory-to-System Control Map Headline Dense-t Sweeps & Token Tradeoffs (Figure 2)
Proposition 4 (Conditional Transfer to Frozen Readers): Under prompt-level [ | . . i |
stability Ly(k) = Lo + an(y — ci)+ + barAr + G (|G| < Ayr), increasing budget from Coverage Saturation (SciQ) Interference
ki to ks > ki hurts performance whenever ambiguity grows faster than coverage: (SQuAD) Plateaus at top-1 (FEVER)
Accuracy climbs to k=16 (F4 — F1 = +0.001) Peaks at k=1, degrades
br(Ary, — Ary) > ap((v — e )v — (v — ip)y) + 280 = La(ka) > Lay(kr). (0.271 — 0.809 for k>4 (F4—F1 = —0.048)
k on DeepSeek) J ) ’

A. Accuracy vs. k (4 tasks) B. Gold recall vs. k (same 4 tasks) C. Token change vs. best fixed-k
Theory Term  System Proxy Control Falsified If — Observed NE 10 s ] = QcA e
Outcome Y N 54 | Coreomprts
0.8 g .8 1 —_
F F : E _e————°* _ S
net” (COverage) Gold recall / rerank Oracle context Oracle fails — confirmed: 5071/ s—1o ¢ % .
0.700— 0.863 (+16.3 pt, Gemini S 06 | g 067 2 "]
s 3 § 2
FEVER) S s ./ :
E _6 04 = o _50 -
. e . . S 0.4 c =
eqist (conflict) Stance entropy H;. NLI verifier, dense-k  Monotone gain — confirmed: 0] % g s
FEVER/MNLI best at 0:2 _1 —— SciQ —B— FEVER 2] —A— SciQ —B— FEVER —100 7
(anchored) top-‘l o —@— SQuAD MNLI 0oL —@— SQuAD MNLI ~125 -
. 0 5 10 15 0 5 10 15 SciQ SQuAD FEVER MNLI
£len (length) Prompt token count Same-length shuffle Shuffle matches — confirmed: retrieval budget k retrieval budget k (vs. fixed-1)vs. fixed-4)vs. fixed-1)vs. fixed-1)
0.46—0.60 (—23.7 pt vs. no
context)
£.ead (Capacity) Reader scale (0.5B—7B) Scale & APl sweep Random flip — confirmed: QA P1 Confirmed Across Headline Tasks:
071 OfVS' NLI/Verif. 6/12 « (A-B) Gold recall rises monotonically with % on all four tasks, but accuracy splits into
interference

three regimes: SQUAD climbs (coverage-limited), SciQ plateaus early
(saturation-limited), and FEVER/MNLI peak at small k£ then degrade
(interference-limited).

P2 Dissociation Confirmed: On Gemini-3.6-Flash FEVER (n=300), oracle passage
insertion lifts accuracy +16.3 pt over no context and +8.6 pt over best retrieved £,
whereas length-matched shuffled context collapses accuracy by up to —23.7 pt.

* (C) Selected-context probes adjust prompt tokens according to regime rather than
applying a one-size-fits-all budget.



Cross-Scale Regime Matrix & Large-Sample Robustnhess

Regime stability across open-weight scales (0.5B—7B), frontier API readers, and n = 1000 reruns

Regime Stability Across Scales & Families (Figure 3)
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Reviewer-Strengthening Diagnostics (Figure 5)
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, 7B Dense-k Check |

SQUAD cover-
age vs. FEVER

n = 1,000 Reruns < 0.020 Range

FEVER & MNLI interference 2D threshold sensitivity on
persists at large sample size FEVER (< 0.010 on MNLI)

Regime stability: Fixed-4 — Fixed-1 across readers
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reader / API family

Asymmetric Task-Family Split:

» Above 0.5B, QA is interference-limited in 0/10 cells (DeepSeek-V3.1 SQUAD at
n=1000 rises monotonically 0.271— 0.809).

» Verification/NLI is interference-limited in 6/12 cells, and 12/14 cells reach optimal
accuracy at k* < 8: retrieving to k=16 spends 1.76 x—6.1x tokens for < 0 gain.

interference holds at 7B

A. Larger-sample interference check B. 2D feature-specific sensitivity C. 7B dense-k regime persistence

0.66

J—
(=}
1

I Fixed-1 B QCA
| [ Fixed-4 I Router G
0.64 S

entropy 0.003 0.003 0.9
Q Q 0.0200
S = _
0.62 e 0.0175 08
0.0150 0.7
0.60 confidence 0.007 0.003 -
> 00125 5 S
% I 55 0.6
5 058 00100 £ 9
g § 8 s
© 00075 & @
0.56 score-gap 0.010 =
0.0050 0.4
0.54 0.0025 03
0.0000
0.52 length 0.000 02 1i1 IL' - SciQ = FEVER
N i —8— SQuAD == MNLI
0.50 FEVER MNLI 0.1 == T T T T T T
FEVER MNLI 0.0 2.5 5.0 7.5 10.0 12.5 15.0
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Large-Sample & Sensitivity Verification:

* (A) n=1000 Rerun: Interference pattern on FEVER and MNLI persists at n=1000
beyond the n=300 headline runs.

* (B) 2D Threshold Perturbation: Accuracy range is < 0.020 on FEVER and < 0.010 on
MNLI under single-feature perturbations.

* (C) 7B Dense-i Curves: SQUAD stays coverage-limited while FEVER remains
interference-limited at 7B.



Operational Controller Probes, Stability Proxy & Takeaways
Zero-training selected-context probes (RA-/QCA-/Router-EEB) and Proposition 4 empirical proxy check
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Selected-Context Probe Pipeline & Regime Policy Map Multi-Scale Curves, Prop. 4 Proxy & Takeaways
0.5B 1.5B 3B -m= 7B
Theory: Effective Evidence Coverage n Step 1: Candidate Retrieval & Feature Extraction
1 22,; :: . Inpuf query rzfrr:::er fRoePfr"(i:’:x ________ —~ Extract F\i/veff:a tu resL_b: - ;;mr o _Sch: .(-]l:l:k—Sil:l_lljltlo—n— R o _SQuAD: coverage-limited o _FEVER: ambiguity-limited
ta(@+h) all S;Z,Ze e f roPy @ nce @ disagreement D c':if?len 0.8 ,r ¥ 0.8 o P s 0.8 -
+¢5[(r = Mra™s + €] VaB ” (@segree) p X"""’ ey ey g
506 0.6 r 064 J
2) Core factors g 4/
Moy v E Step 2: Regime-Aware Ewdence Budgeting g 041 041 ”’ 0418
o € retrieval noise B Router selects one policy given features f = (gap, H, conf, disagree, len) and query q. 02 02 4 ‘l 02 4
?)UTsaetzla:\l/iadyence helps until saturation CdP: keep retriever to- qca'Nanc:ored fop- ld coveragf :C:::-Zap oz::fof i i 4
7- Too much noisy retrieval can hurt , :isgi:::z :::ring or é Kee; flo_:) lrland a};’;end or @ Include docs riff;in:l._l * (I) ; 1I0 1I5 o (I) 5I 1I() 1I5 o (I) é 1I0 1I5
retrieved document. ﬁﬁfﬁff”h strong if,?;;%ipff;f is ::a,r' retrieval budget k retrieval budget k retrieval budget k
I::s“kt:ylzvidme Y Optional rerank or compresgross-encoder rerank, deduplication, or extractive compressior
& ZOf: mrch/ o ﬁ Objective: Select the minimal useful context by balancing missing evidence, conflict, and length cost.
51@ Instance-aware *
one e coesnen el Reader: [EJ step 3: Selected-Context Generation - = - - - -
Quen2.5-Tnstruct Generate answer Report accuracy, Frozen Reader « (miss) b (entropy) A, [95% CI] Ratio Diagnostic Reading
Q ﬁf’imal fl ontext. (Xig/i,sgr}ja;u-u) E_:} from routed evidence = L aizldp::;;lfl-mken cost .
Qwen2.5-0.5B 0.127 0.071 0.034 [0.019,0.058] 0.314 Loosest proxy fit
Qwen2.5-1.5B 0.287 0.071 0.025 [0.014,0.050] 0.129 Strong coverage slope
Qwen2.5-3B 0.283 0.061 0.024 [0.010,0.043] 0.138 Ambiguity slope eases
Task Regime  F4-F1 Actionable Policy Best Policy (0.5B/1.5B/3B/7B) Gemini-3.6-Flash  0.093 0.017  0.015[0.006,0.035] 0.209 Mild ambiguity slope
SQUAD v1.1 ReIEICEER +0.115 Rerank /compress  CE rerank (CE+C at 7B) Qwen3.7-Max 0.079  —0.015  0.014[0.006,0.033] 0.136 Absorbs conflict
MS MARCO WeIER[W +0.032 Larger aligned & Fixed-4 or adaptive gap Sufficient harmful-increase condition on FEVER (n=300): fired / violated = 0/0 for all readers.
SciQ SELOI U +0.001 Small fixed & Near-flat; winner varies
FEVER CEIEREEY —0.048 Cap k / conflict filter Fixed-1 at all 4 scales
MNLI et —0.048 Cap k/ stance filter QCA (3/4) or Fixed-1 Key Takeaways: o
_ 1. Recall ## Accuracy under shift: Higher recall can reduce answer accuracy once
HotpotQA  HUCIEEIEREE —0.057 Cap k Fixed-1 at all 4 scales

coverage saturates.
2. Regime-guided policy: Rerank/compress for coverage QA; cap k or filter conflict for
I Role of Probes: Thresholds © = (7, 7y, 7, 74, 7¢) are calibrated once on a disjoint split verification/NLI.

and frozen. Router-EEB ties the strongest baseline on 10/12 headline cells. 3. Disclosure: Sole author; no third-party funding; no competing interests.



