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Local interactions create global curvature

Module relations, data loss and regularization define local potentials in parameters and activations.
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Eliminate activations: F = P(%)(T) — PHu(T)Puu(T)_]Pu.H(T)

The joint information model is local; eliminating activations induces longer-range weight couplings.

Camera-ready paper * Section 2 and Figure A.2 - finite-precision structural illustration 01/ 06



Theorem 1: activation elimination recovers curvature

At a forward-consistent checkpoint, keep the local Jacobians and information weights fixed.

1 Assemble the local quadratic costs
Each local Jacobian maps joint perturbations into changes of a module or loss residual.
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Jr = Dry: residual response, Wj; > 0: information weight, Ap: prior/regularizer precision

Embed places each contribution on its participating variables. tis the module-relation variance.

2 Hold the parameter change fixed; let activations respond

1

1
min iAzTPQ’u(T)Az — iAQTFTAQ, Az = (AG, Au)

Complete the square: activation changes choose their least-cost response in this joint quadratic.

3 Tighten the module constraints

Assume the weighted linearized module equations uniquely determine the activation response.

As T decreases to zero, that response is forced to follow the linearized forward computation.

The limit is the chain-rule Fisher /
FT T E‘e('.l (T \L 0)

generalized Gauss—Newton curvature.

Camera-ready paper - Theorem 1 and Appendix C - checkpoint information model; fixed local Jacobians and weights
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Theorems 2-3: stable updates can lose plasticity

Theorem 2 - Trace a parameter perturbation to the output
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J: output sensitivity for sample i and parameter block v. C: injection clique; s: injection norm.
g: interface-transfer norm; y: readout norm. Products follow interfaces; the sum adds source routes.

Loss-weighted sensitivities bound upper curvature. Active coverage rules out loss-invisible directions.

Theorem 3 - Stability and response in optimizer coordinates

F = P'Y?F, P>, P > 0 is the optimizer metric Each linearized mode is multiplied by
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Camera-ready paper - Theorems 2-3 and Figures B.1-B.3 - empirical-Fisher / directional-gradient proxies 03/06



Theorem 4: entropy decay competes with drift mismatch

Use graph-derived precision to choose a Gibbs reference on a fixed parameter subspace E.
Minibatch dynamics separately provide mean motion (drift) and fluctuations (covariance).
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Camera-ready paper - Theorem 4 proof, Appendix E - Figure 3(a), ResNet-32 / CIFAR-10 04 /06



PAC-Bayes certificates for retained posteriors

A posterior is a distribution over parameter values in the retained space.
Population risk averages loss over new examples and posterior draws.
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For the certificate, use the same bounded certificate-sample loss in the Gibbs reference and free energy.
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B: inverse temperature n: certificate sample size |A|: fixed family size &: failure probability

Freeze spaces, embeddings, priors and temperatures on build data; certify independently with loss in [0,1].

Prior KL Population Posterior
clipped-NLL bound test risk

0.31815 0.04258 0.02198
LeNet 1 0.31815 0.02983 0.00898
ResNet-32 16 5.09035 0.07657 0.05840
WRN-16-4 11 3.49962 0.06349 0.04448
DenseNet-small 8 2.54518 0.07669 0.06100

ResNet-32: bound 0.07657; held-out posterior loss 0.05840. All five bounds are nonvacuous.

k: retained dimension - normalized clipped NLL - simultaneous 95% - MNIST: first two rows; CIFAR-10: remaining rows

Camera-ready paper * Free-energy identity, Corollary 10 and Table 1 - table uses direct prior KL 05/ 06



Small Gram matrices make both analyses practical

Millions of parameters, but only m backpropagated gradient probes.
Stack them as rows of G; diagonalize the m x m Gram matrix. -
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Proof idea: both matrices contain the same nonzero squared singular values, divided by m.

Uncentered probes - criticality Centered probes = stochastic geometry
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Estimate the upper edge and active response B | f, B GBCL-
from Slide 3 in the optimizer metric P. Kpor = Aray | UBr = m\,
A >0, eyl =1, B : parameter block

The spectrum is exact for these probes;

the sampled curvature is an empirical-Fisher proxy. Recover directions for E and inverse-variance weights
in the drift defect on Slide 4.

Local interactions explain the geometry; gradient probes make it measurable.

Camera-ready paper - Appendices B and E - exact sampled spectra; covariance needs optimizer/time calibration 06 /06
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