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Stochastic Nested Variance Reduction for Nonconvex Optimization

Dongruo Zhou and Pan Xu and Quanquan Gu

Department of Computer Science, University of California, Los Angeles

Problem Setup and Preliminaries

I Optimization problem: minx2Rd F (x) = 1/n
P

n

i=1 fi(x),
⇤ fi and F may be nonconvex.
I Assumptions:

(1) F (x) � F
⇤
, 8x 2 Rd.

(2) F (x0)� F
⇤  �F .

(3) fi is L-smooth, krfi(x)�rfi(y)k2  Lkx� yk2.
(4) F is �-variance bounded, Ekrfi(x)�rF (x)k22  �

2.
(5) (Optional) F is ⌧ -gradient dominated (P-L condition),

F (x)� F
⇤  ⌧ · krF (x)k22.

Stochastic Nested Variance-Reduced Gradient

Algorithm 1 SNVRG-Epoch
1: Input: initial point x0, step size ⌘, loop number K,
base batch size B, batch parameters {Bl}, loop parameters{Tl}.

2: Randomly pick IB with size B.
3: g(0)

0  rfIB(x0), x
(0)
0  x0,g

(l)
0  0,x(l)

0  x0, l 2 [K].

4: v0 
P

K

l=0 g
(l)
0 ,x1 x0 � ⌘ · v0.

5: for t = 1, . . . ,
Q

K

l=1 Tl � 1 do

6: Update {x(l)
t } and {g(l)

t }.
7: vt 

P
K

l=1 g
(l)
t + g(0)

t .
8: xt+1 xt � ⌘ · vt.
9: xout uniformly chosen from {x0t<

Q
K

l=1 Tl
}.

10: Output: [xout,xQ
K

l=1 Tl
]

Algorithm 2 SNVRG
1: Input: initial point z0, ⌘, B,K, {Bl}, {Tl}, epoch number S.
2: for s = 1, . . . , S do

3: [ys, zs] SNVRG-Epoch(zs�1, ⌘, B,K, {Bl}, {Tl}).
4: Output: Uniformly choose yout from {ys}.

Algorithm 3 SNVRG-PL
1: Input: initial point z0, ⌘, B,K, {Bl}, {Tl}, S, epoch number U .
2: for u = 1, . . . , U do

3: zu SNVRG(zu�1, ⌘, B,K, {Bl}, {Tl}).
4: Output: zout zU .

I Update rules for {x(l)
t } and {g(l)

t }
. r  the smallest number where t can be divided by

Q
K

l=r+1 Tl.

. Update rules for reference points {x(l)
t }:

I x(1)
t , . . . ,x(r�1)

t remain the same as x(1)
t�1, . . . ,x

(r�1)
t�1 .

I x(r)
t , . . . ,x(K)

t  xt.
. Update rules for reference gradients {g(l)

t }:
I g(1)

t , . . . ,g(r�1)
t remain the same as g(1)

t�1, . . . ,g
(r�1)
t�1 .

I For r  l  K, randomly pick up I with size Bl,
g(l)
t  rfI(x

(l)
t )�rfI(x(l�1)

t ).

Illustration of Update Rules

I SNVRG-Epoch with K = 2, T1 = 2, T2 = 3:
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Theoretical Results

I Main Result: Under Assumptions (1)-(4), with specific choice
of parameters, SNVRG outputs an ✏-first-order stationary point
yout, i.e., E[krF (yout)k22]  ✏
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stochastic gradient computations.
I Extension: Under Assumptions (1)-(5), with specific choice of

parameters, SNVRG-PL outputs an ✏-accurate solution zout, i.e.,
E[F (zout)]� F

⇤  ✏, with
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stochastic gradient computations.

Comparison with State-of-the-art

Table: Gradient complexities for finding ✏-first order stationary point (nonconvex) or
✏-accurate solution (gradient dominate).

Algorithm nonconvex gradient dominant

GD O(n✏�2) eO(⌧n)
SGD O(✏�4) O(✏�4)
SVRG

O(n2/3
✏
�2) eO(n + ⌧n

2/3)
(Reddi et al., 2016)

SCSG
O(✏�10/3 ^ n

2/3
✏
�2) eO(n ^ ⌧

✏
+ ⌧ (n ^ ⌧

✏
)2/3)

(Lei et al., 2017)

SNVRG eO(✏�3 ^ n
1/2

✏
�2) eO(n ^ ⌧

✏
+ ⌧ (n ^ ⌧

✏
)1/2)

(this paper)

Figure: Gradient complexity comparison with SVRG and SCSG.

Numerical Experiments

I Baseline Algorithms: SGD, SGD with momentum (Qian,
1999), ADAM (Kingma et al., 2014), SCSG (Lei et al., 2017)

I Datasets MNIST, CIFAR10, SVHN
I Training LeNet-5 (LeCun et al., 1999).

(a) Training loss (MNIST) (b) Training loss (CIFAR10) (c) Training loss (SVHN)

(d) Test error (MNIST) (e) Test error (CIFAR10) (f) Test error (svhn)

Stochastic Nested Variance Reduction for Nonconvex Optimization


	Finding first-order stationary points

